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I. INTRODUCTION 

Since the early 1900s, analog modulation has been used in 

wireless communication. It is still an important modulation 

scheme despite the extensive use of digital communications [1–

3]. Analog modulation is one of the signal and pulse character-

istics under the classification of the electricity and magnetism 

CMC (calibration and measurement capability) of the Interna-

tional Bureau of Weights and Measures. However, only a few 

National Measurement Institutes (NMIs) are listed. Moreover, 

there is no well-known measurement method with traceability.  

Analog modulation can be measured in the frequency domain 

or the time domain [4–6]. In the preliminary work, we found 

that measuring the modulation index in the frequency domain is 

more effective than measurement in the time domain to reduce 

uncertainty. Thus, we measured the analog modulation index in 

the frequency domain in this study. Measuring the absolute 

power of a signal is usually important. Measuring the modula-

tion index, however, requires a signal strength relative to the 

carrier, not the absolute power on each sideband.  

In frequency modulation (FM) or phase modulation (PM), 

the modulation index is usually measured with the Bessel null 

technique. This method uses the characteristics of carrier or 

sideband signals have a value of zero when the modulation in-
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dex achieves a specific value [5, 7]. Thus, the modulation index 

can only be measured at a specific value.  

In this paper, we used a calibrated attenuator as the primary 

standard for the measurement of the modulation index. It is 

widely known that attenuators provide high accuracy and low 

uncertainty in the measurement of the relative signal strength. 

Moreover, the use of a calibrated attenuator readily makes the 

analog modulation index traceable to the measurement standard. 

In addition, we propose a method to measure the arbitrary FM 

and PM modulation indices through nonlinear fitting to over-

come the limitation of the Bessel null technique. Finally, we 

analyze the measurement uncertainty of an analog modulation. 

To the best of our knowledge, this is the first comprehensive 

paper on analog modulation uncertainty analysis. 

This paper is organized as follows. Section II describes the 

system for measuring the modulation index and the experi-

mental evaluation of the effects of the impedance mismatch. 

Section III explains the measurement of the amplitude modula-

tion (AM), FM, and PM modulation indices. Section IV ex-

plains the measurement of the relative amplitude of the side-

band with the attenuator. Section V analyzes the uncertainty of 

each modulation index measurement, and Section VI concludes 

the paper. 

II. MEASUREMENT SETUP  

1. Measurement Setup 

Fig. 1(a) shows a block diagram and a photograph of the 

proposed measurement system for the analog modulation indi-

ces. The modulated signal generated by the device under test 

(DUT) was passed through the calibrated attenuator to the spec-

trum analyzer. The spectrum analyzer measured the strength of 

the carrier and sideband signals. Note that the spectrum analyz-

er had not yet been calibrated. The DUT and the spectrum ana-

lyzer were synchronized with 10 MHz, and each device was 

remotely controlled via a general purpose interface bus (GPIB, 

IEEE 488). We used a step attenuator with a resolution of 0.1 

dB, which was calibrated at 0 dB to 100 dB [8].  
 

2. Impedance Mismatch 

Prior to measuring, we analyzed the effect of the impedance 

mismatch. The state of the impedance matching was adjusted 

by the insertion of an impedance stub tuner between the spec-

trum analyzer and the step attenuator (Fig. 2). The analog 

modulation index was measured by taking the relative amplitude 

difference between the carrier and sidebands (see a detailed ex-

planation in Section III). Table 1 shows the measurement re-

sults. The absolute power of the carrier varied greatly on the 

basis of the status of the impedance stub tuner. The relative 

difference between the first sideband and the carrier, however,  

(a) 
 

(b) 

Fig. 1. (a) Block diagram of the measurement system for measuring 

analog modulation index. The calibrated attenuator is used 

to correct the raw data measured by the spectrum analyzer. 

(b) Calibration procedure. First, the modulation signal is 

measured using the spectrum analyzer. Then, the attenuator 

is adjusted until the carrier signal is equal to the sideband 

signal. 

 

 
Fig. 2. Measurement setup for the impedance mismatch effect be-

tween DUT and the measurement system. The impedance 

stub tuner is attached to the input port of the spectrum ana-

lyzer to produce arbitrary impedance matching status. 

 
Table 1. Effect of the impedance mismatch 

Status 
Power of carrier 

(dBm)

Difference between carrier and 

first sideband (dB)

A -10 -12.482

B -18 -12.483

C -28 -12.467

D -47 -12.471

 

did not change regardless of the impedance matching status of 

the impedance tuner. Thus, the impedance mismatch did not 

significantly affect the analog modulation index measurement. 

DUT

Calibrated 
Attenuator

Spectrum 
Analyzer

10 MHz
Sync.

Carrier signal

Attenuated 
signal

PC

GPIB

f c f c+fmfc−fm fc fc+fmfc−fm

Attenuator is set to Attset dB.
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III. MODULATION INDEX MEASUREMENT 

1. Amplitude Modulation 

AM changes the amplitude of the carrier, c(t), on the basis of 

the modulating signal or message, s(t). If s(t) is a continuous 

wave (CW), similar to that of the carrier, the AM signal, y(t), 

can be easily expressed as follows:  
 

( ) cos(2 )c cc t A f tπ φ= +  
(1)

( ) cos(2 )m ms t Am f tπ φ= +  
(2)

( )( )( )
( )( )( )

( )( ) 1 ( )

1cos(2 ) cos 2
2

1 cos 2
2

c c c m c m

c m c m

s ty t c t
A

A f t Am f f t

Am f f t

π φ π φ φ

π φ φ

 = + 
 

= + + + + +

+ − + −
 

(3)

    

where A is the amplitude of the carrier and m is the modulation 

index of AM. Thus, the amplitude of the sideband signal (fc ± fm) 

changes in proportion to the modulation index, and the modu-

lation index is calculated as follows: 
 

1020 log (2)
SB 20

C

2 10
PVm

V

Δ +

= =
 

(4)

( )10 SB C20log /P V VΔ =
 

(5)
 

where VC and VSB are the amplitude of the carrier and sideband, 

respectively. The differences between the carrier and sideband 

signals on the dB scale are represented by ΔP, and it is easily 

obtained from the delta marker on the spectrum analyzer. In 

this paper, all the measured values were corrected with the cali-

brated attenuator for traceability to the measurement standard 

(details are provided in Section IV). 

Fig. 3 shows the AM measurement results. For the DUT, 

the modulation index and the frequency of the modulating sig-

nal, fm, were set to 50% and 50 kHz, respectively. Thus, the fre-

quency interval between the carrier and sideband signals became 

50 kHz. The nonlinear distortion was generated in the DUT 

because the large modulation index of 50% produced additional 

harmonics at fc ± nfm (n > 2). In theory, both of the first side-

bands should have the same amplitude; however, they should 

exhibit asymmetric characteristics in the presence of FM distor-

tion [9]. In this study, the average value of the two signals was 

used as the VSB because the difference between them was very 

small, less than 0.005 dB. This value is counted as the standard 

uncertainty for the unbalanced sidebands, assuming a rectangu-

lar distribution of ±0.0025 dB. 

 

2. Angle Modulation (FM and PM) 

FM is expressed as (6), where Δfp indicates the peak frequen-

cy deviation. Therefore, the changes in the frequency of y(t)  

Fig. 3. Measurement results for amplitude modulation (AM) with 

50% of the AM depth where the carrier frequency is 500 

MHz and the modulation repetition rate is 50 kHz. The 

uncorrected (raw measurement) and corrected (using the 

calibrated attenuator) amplitudes are represented with ‘—O’ 

and ‘X’, respectively. 
 

depend on s(t). The amplitude, A, is time invariant: 
 

 

( )0
( ) cos 2 2 ( )

t

c py t A f t f s dπ π τ τ= + Δ 
 

(6)
 

If s(t) is CW, as was the case for AM, (6) can be represented as 

follows: 
 

( )

( ) cos 2 sin(2 )

     cos 2 sin(2 )

p
c c m m

m

c c m m

f
y t A f t f t

f

A f t f t

π φ π φ

π φ β π φ

Δ 
= + + + 

 
= + + + (7)

 

where β = Δfp/fm indicates the FM modulation index. Usually, 

the peak frequency deviation, Δfp, is measured for a given fre-

quency of the modulating signal, fm. Eq. (7) also represents PM 

given that s(t) = cos(2πfmt) causes a phase change on y(t). Thus, 

when s(t) is a sinusoidal function, the FM and PM have the 

same form, and they are commonly referred to as angle modula-

tion. Mathematically, (7) can be expressed as the sum of the 

Bessel function of the first kind J as follows:  
 

( )

( )

0

1

( ) cos 2 ( )

   ( ) cos 2 ( ) (

k c m c m
k

k c m c m
k

A J f kf t k

J f kf t k

β π φ φ

β π φ φ π

∞

=

−

=−∞

 + + +


+ + + + + 





 

(8)
 

where k is the order of the sidebands. For example, when s(t) is 

a CW, the amplitude values of the carrier, first sideband, and 

second sideband are AJ0(β), AJ1(β), and AJ2(β), respectively. As 

stated in previous section, the calculation of analog modulation 

index requires the relative difference between the carrier and 

each sideband. Therefore, the amplitude of carrier AJ0(β) can be 

normalized to 1. 

Am
pl

itu
de

 (d
Bm

)
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Fig. 4. Measurement results for phase modulation (PM) where the 

carrier frequency (fc) is 500 MHz and the modulating signal 

(fm) frequency is 100 kHz. (a) β = 0.1; (b) β = 3. The cali-

brated amplitude using the attenuator and the fitting result 

are represented with ‘—O’ and ‘X’, respectively. 

 

Then, the angle modulation index β can be estimated by mini-

mizing the difference between the measurement and estimated 

values through nonlinear least squares fitting: 
 

 

meas

meas 0

( )( )
(0) ( )

n
k

k n

Jy k
y J

β
β=−

−  
 

(9)

 

Here ymeas(k) is the measured value of the k-th sideband. The 

nlinfit function in the MATLAB environment was applied as 

the estimator [10]. This is based on the Levenberg-Marquardt 

nonlinear least squares algorithm [11]. Nonlinear fitting prob-

lems often reach the local minima or slowly converge depending 

on the initial value. Robust results were obtained from the initial 

β, which is Δfp divided by fm (both are the values for the DUT 

setting). 

Fig. 4 shows the measurement results. As was previously de-

scribed, the number and shape of the generated sidebands de-

pend on β. The fitted results (“x” marks) on the basis (9) agree 

well with the measured results (solid line). Estimation of β using 

23 sideband measurements takes less than 0.05 seconds on an 

Intel Xeon E5 2.4 GHz CPU. 

IV. CALIBRATION OF SPECTRUM ANALYZER  

WITH THE ATTENUATOR  

The power of the frequency spectrum can usually be meas-

ured with a spectrum analyzer. As described in the previous 

section, the relative difference of the sideband signals, rather 

than the absolute power spectrum, was necessary to assess the 

measurement modulation index. Thus, for reducing measure-

ment uncertainty and increasing precision, the calibrated atten-

uator is superior to the spectrum analyzer because of its higher 

dynamic range and lower uncertainty. 

The difference between the carrier and sidebands, ΔP, as 

measured by a spectrum analyzer, can be corrected with a cali-

brated attenuator, as shown in Fig. 1(b). First, the modulation 

signal is measured using the spectrum analyzer. Then, the at-

tenuator is adjusted until the carrier signal is equal to the side-

band signal. Now the setting value of the attenuator Attset can 

replace the uncalibrated ΔP. However, the reduced carrier signal 

may not be exactly the same as the power level of sidebands. 

Thus, the calibrated value can be calculated as follows: 
 

corr SA setP P Att εΔ = Δ − −
 

 

(10)
 

where ΔPcorr is the corrected difference on the basis of the atten-

uator. ΔPSA is the raw measurement using the spectrum analyzer, 

and ε is the residual error that represents the power difference 

between the sidebands and the reduced carrier signal after the 

attenuator is set.  

V. UNCERTAINTY ANALYSIS 

1. Uncertainty of Amplitude Modulation Measurement 

The measuring uncertainty of the AM modulation index is 

caused by the uncertainty introduced by the attenuator and the 

impedance mismatch between the DUT and the attenuator. 

The attenuator had a reading uncertainty of 0.1/(2√3) dB ob-

tained from a resolution of 0.1 dB and a calibration uncertainty 

of 0.012 dB. If we actually correct the impedance mismatch by 

using the measured impedance values, the associated uncertainty 

will significantly increase due to the uncertainty of a vector net-

work analyzer. To resolve this, we measured the difference the 

carrier and first sideband of the AM signal under an arbitrary 

matching condition in Table 1. To account for the uncertainty 

of the impedance mismatch for the scheme above, the standard 

deviation was obtained from the measured values in Table 1. 

Next, (4) was differentiated to propagate each uncertainty to the 

AM modulation index. The obtained sensitivity coefficient was  
20 log10(2)

20log(10) 10 / 20
PΔ +

× . The coefficient was dependent on  

ΔP; thus, the large modulation index produced a large meas-

urement uncertainty. Type A uncertainty was evaluated from 10 

repeated measurements. The uncertainty budget is summarized 

in Table 2. The modulation index of 50% was measured, and 

the combined standard uncertainty, uc(m) 0.186%, was obtained 

by taking the root sum of squares of the uncertainty contribu-

tions presented in Table 2. Since the effective degree of freedom 

is sufficiently large, the expanded uncertainty U(m) at approxi-

mately 95% confidence level is obtained by multiplying uc(m)  

by 2.  
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2. Uncertainty for Frequency and Phase Modulation Measure-

ment 

Tables 3 and 4 show the uncertainty budget for FM and PM, 

respectively. In both cases, the angle modulation required addi-

tional uncertainty for estimating β from the measured ampli-

tude of each sideband. Unfortunately, the fitting uncertainty for 

β could no longer be regarded as analytical. Instead, it was cal-

culated from the residuals, which were calculated from the dif-

ference between the fitting model and measurements [12, 13]:  

 

2

2 meas
residual

meas 0

( )( ) / ( )
(0) ( )

n
k

k n

Jy k
l p

y J
β

σ
β= −

= − −  
(11)

2
2 2residial

residualβ
σσ σ

β
∂ =  ∂ 

  

(12)
 

where l is the number of sidebands used in the measurement, 

including the carrier; thus, l is equal to 2n + 1. The number of 

unknown parameter β used in the fitting process, i.e., 1, is indi-

cated by p. Therefore, the covariance for the fitting parameter  

Table 2. Uncertainty budget for AM modulation (fm = 50 kHz and m = 50%)

Uncertainty 
Standard 

uncertainty 

Sensitivity  

coefficient 

Uncertainty  

contribution  
Type 

Probability 

distribution 

Degree of 

freedom 

Attenuator   

Resolution 0.029 dB 
20log10(2)

20log(10) 10 / 20
PΔ +

×  
0.167%  B Rectangular ∞

Calibration uncertainty 0.012 dB 
20log10(2)

20log(10) 10 / 20
PΔ +

×  
0.069% B Normal ∞

Impedance mismatch 0.008 dB 
20log10(2)

20log(10) 10 / 20
PΔ +

× 0.046% B Normal ∞
Imbalance of sidebands 0.002 dB 

20log10(2)
20log(10) 10 / 20

PΔ +

× 0.012% B Rectangular ∞
Repeatability 0.003% 1 0.003% A Normal 9

uc(m) - - 0.186% - Normal ∞
U(m) - - 0.372% - Normal (k = 2) -

 
Table 3. Uncertainty budget for FM modulation (fm = 100 kHz and Δfp = 10 kHz, 50 kHz, 100 kHz) 

Uncertainty 
Standard uncertainty Sensitivity 

coefficient 

Uncertainty contribution
Type 

Probability 

distribution 

Degree of 

freedom 10 kHz 50 kHz 100 kHz 10 kHz 50 kHz 100 kHz 

Fitting uncertainty 1.6 Hz 21.1 Hz 10.5 Hz 1 1.6 Hz 21.1 Hz 10.5 Hz B Normal -

Attenuator    

Resolution 0.029 dB 40.9 Hz 182.7 Hz 261.8 Hz B Rectangular ∞
Calibration uncertainty 0.012 dB 17.0 Hz 76.3 Hz 108.6 Hz B Normal ∞

Impedance mismatch 2.9 Hz 14.8 Hz 29.6 Hz 1 2.9 Hz 14.8 Hz 29.6 Hz B Normal ∞
Repeatability 1.4 Hz 11 Hz 17.7 Hz 1 1.4 Hz 11 Hz 17.7 Hz A Normal 9

uc(m) - - 44.4 Hz 213.5 Hz 285.7 Hz - Normal ∞
U(m) - - 88.8 Hz 427.0 Hz 571.4 Hz - Normal (k = 2) -

 
Table 4. Uncertainty budget for PM modulation (fm = 100 kHz and β = 0.1 rad, 1 rad, 3 rad) 

Uncertainty 
Standard uncertainty Sensitivity

coefficient

Uncertainty contribution
Type 

Probability 

distribution

Degree of 

freedom 0.1 rad 1 rad 3 rad 0.1 rad 1 rad 3 rad 

Fitting uncertainty 0.03 mrad 0.34 mrad 0.11 mrad 1 0.03 mrad 0.26 mrad 0.11 mrad B - -

Attenuator     

Resolution 0.029 dB - 0.40 mrad 2.63 mrad 1.43 mrad B Rectangular ∞
Calibration uncertainty 0.012 dB - 0.17 mrad 1.09 mrad 0.60 mrad B Normal ∞

Impedance mismatch 0.07 mrad 0.21 mrad 0.21 mrad 1 0.07 mrad 0.21 mrad 0.21 mrad B Normal ∞
Repeatability 0.03 mrad 0.15 mrad 0.15 mrad 1 0.03 mrad 0.15 mrad 0.15 mrad A Normal 9

uc(m) - - 0.44 mrad 2.85 mrad 1.56 mrad - Normal ∞
U(m) - - 0.88 mrad 5.70 mrad 3.12 mrad - Normal (k = 2) -
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2
βσ  was calculated using (12) with the fitting residuals 2

residualσ . 

It must be noted that βσ directly became the fitting uncertainty 

of β in PM. In the case of FM, the sensitivity coefficient was fm 

because the peak frequency deviation was Δ fp = fmβ. Thus, the 

covariance of the peak frequency deviation 2
pf

σΔ  for FM was 

calculated as follows:  
 

  

2
2 2 2 2p
f m

f
fβ βσ σ σ

βΔ

∂Δ 
= = ∂ 

 
(13)

 
 

The uncertainty of the attenuator could not be analytically 

propagated to the uncertainty of the FM and PM modulation 

indices because of the fitting process. Thus, Monte Carlo simu-

lations were used to account for the uncertainty of the attenua-

tor. The Monte Carlo simulations were performed separately 

for the reading and the calibration uncertainty of the attenuator 

because of their rectangular and normal distribution, respective-

ly. The results are summarized in Tables 3 and 4. In addition, 

the impedance mismatch and repeatability uncertainties were 

accounted for in the same way as was done for AM. As shown 

in Fig. 2, the uncertainty of the impedance mismatch was evalu-

ated by the insertion of the impedance tuner between the spec-

trum analyzer and the attenuator and the adjustment of the state 

of the tuner. The expanded uncertainty combining the above-

described fitting uncertainty, attenuator uncertainty, impedance 

mismatch uncertainty, and repeatability was observed at 88.8 

Hz to 571.4 Hz for FM (k = 2) and 0.88 mrad to 5.70 mrad (k 

= 2) for PM. 

VI. CONCLUSION 

We proposed an accurate method for measuring the analog 

modulation index. A calibrated attenuator was used to reduce 

measurement uncertainty and to ensure traceability. In the case 

of AM, the modulation index was measured by the power ratio 

of the first sideband and the carrier, as in the conventional 

method, and the measurement uncertainty was derived analyti-

cally. The 50% AM modulation index exhibited an expanded 

uncertainty (k = 2) of 0.372%. For FM and PM, the modula-

tion index was measured through the nonlinear fitting of the 

Bessel function of the first kind by using the measured side-

bands. Unlike the case for the Bessel null technique, the arbi-

trary modulation index could be measured. The measurement 

uncertainty obtained by the Monte Carlo simulation was 88.8 

Hz for 10 kHz FM modulation and 0.88 mrad for 0.1 rad PM 

modulation. It is expected that the measurement uncertainty of 

analog modulation can be further improved with the application 

of an attenuator with a higher resolution. 
  

This research was supported by Physical Metrology for Na-

tional Strategic Needs, funded by the Korea Research Insti-

tute of Standards and Science (No. KRISS-2020-GP2020-

0002). 

APPENDIX  

The signal SAv  received by the spectrum analyzer is calcu-

lated as follows [14].  
 

( )SA
DUT DUT 11 SA 22 DUT SA 21 12 11 22

21

1 ( )
 
v

v S S S S S S
h S

= − Γ − Γ − Γ Γ −
         

(14) 
 

where vDUT, ΓDUT , ΓSA , Sij, and h are the output signal of the 

DUT, the reflection coefficient of the DUT, the reflection coef-

ficient of the spectrum analyzer, S-parameters of the attenuator, 

and the frequency response of the spectrum analyzer, respective-

ly. The frequency response of the sampler in most spectrum 

analyzers can be calibrated using [14–16]. Here, we assume h = 

1 due to the narrow bandwidth of the analog modulation. In 

addition, when ΓDUT, ΓSA, S11, and S22 are negligibly small, the 

above formula is simplified as below. 
 

SA
DUT

21

vv
S

=
 

 

Note that most apparatuses have a small reflection coefficient. 

However, if the reflection coefficient is not so small that it is 

negligible, 10 dB attenuators with low reflection coefficients or 

tuners can be used as pads to reduce the mismatch between the 

DUT, the step attenuator, and the spectrum analyzer. Moreover, 

the output signal of the DUT can be calculated using (14) to 

include the mismatch effect. The corrected difference of the 

carrier and sidebands, ΔPcorr, can be calculated at a dB scale as 

follows: 
 

SB
DUT

corr 10 C
DUT

SB
SA 21

10 SAC SB
SA 21

20log

        20log
C

set

V
P

V

V S P Att
V S

Δ =

 
= = Δ − 

       (15) 
 

where superscripts SB and C represent the sidebands and carrier, 

respectively.  

REFERENCES 

[1] I. Bahceci and A. K. Khandani, "Linear estimation of corre-

lated data in wireless sensor networks with optimum power 

allocation and analog modulation," IEEE Transactions on 

Communications, vol. 56, no. 7, pp. 1146–1156, 2008. 

[2] H. Guldemir and A. Sengur, "Comparison of clustering al-

gorithms for analog modulation classification," Expert Sys-

tems with Applications, vol. 30, no. 4, pp. 642–649, 2006. 

[3] C. Carlsson, H. Martinsson, R. Schatz, J. Halonen, and A. 

Larsson, "Analog modulation properties of oxide confined 

VCSELs at microwave frequencies," Journal of Lightwave 

Technology, vol. 20, no. 9, pp. 1740–1749, 2002. 



CHO et al.: MEASUREMENT OF ANALOG MODULATION INDEX WITH A CALIBRATED RADIO FREQUENCY ATTENUATOR 

93 

  
 

[4] D. A. Humphreys, M. R. Harper, and P. Roberts, "Prelimi-

nary results for a traceable amplitude modulation measure-

ment technique using in-phase and quadrature referencing," 

in Proceedings of 2007 International Waveform Diversity and 

Design Conference, Pisa, Italy, 2007, pp. 145–149. 

[5] Keysight Technologies, "Spectrum Analysis Amplitude and 

Frequency Modulation," 2014; https://www.keysight.com/ 

kr/ko/assets/7018-06742/application-notes/5954-9130.pdf. 

[6] J. G. Lee, J. H. Kim, T. W. Kang, S. H. Won, and D. J. Lee, 

"RF peak power calibration of modulated signals," IEEE 

Transactions on Instrumentation and Measurement, vol. 60, no. 

7, pp. 2621–2626, 2011. 

[7] P. Roberts, "The challenges of precision analog modulation 

measurement," in Proceedings of the Measurement Science 

Conference, Long Beach, CA, 2007. 

[8] J. G. Lee, J. H. Kim, J. I. Park, and U. T. Kang, "Uncertainty 

evaluation of a broadband attenuation standard," IEEE 

Transactions on Instrumentation and Measurement, vol. 54, no. 

2, pp. 705–708, 2005. 

[9] S. Matejka, "Accurate AM depth measurement in the pres-

ence of angle modulation," in Proceedings of 2007 17th Inter-

national Conference Radioelektronika, Brno, Czech Republic,  

2007, pp. 1–4. 

[10] Mathworks, "MATLAB R2019b," 2019; https://www. 

 

 

 

Chihyun Cho  
received the B.S., M.S., and Ph.D. degrees in elec-

tronic and electrical engineering from Hongik Uni-

versity, Seoul, South Korea, in 2004, 2006, and 2009, 

respectively. From 2009 to 2012, he participated in 

the development of military communication systems 

at the Communication R&D Center, Samsung 

Thales, Seongnam, South Korea. Since 2012, he has 

worked with the Korea Research Institute of Stand-

ards and Science (KRISS), Daejeon, South Korea. In 2014, he was a guest 

researcher at the National Institute of Standards and Technology (NIST) 

in Boulder, CO, USA. He also served on the Presidential Advisory Coun-

cil on Science and Technology (PACST) in Seoul, South Korea, from 

2016 to 2017. His current research interests include microwave metrology, 

time domain measurement, and communication standards.  

 

 

 

 

 

 

 

 

 

 

mathworks.com. 

[11] G. A. F. Seber and C. J. Wild, Nonlinear Regression. Hobo- 

ken, NJ: John Wiley & Sons, 2003 

[12] C. Cho, J. G. Lee, T. W. Kang, and N. W. Kang, "Calibra-

tion and uncertainty analysis of sample-time error on high 

jitter of samplers," Journal of Electromagnetic Engineering 

and Science, vol. 18, no. 3, pp. 169–174, 2018. 

[13] S. van de Geer, "Least squares estimation," in Encyclopedia 

of Statistics in Behavioral Science. Hoboken, NJ: John Wiley 

& Sons, 2005, pp. 1041–1045. 

[14] T. S. Clement, P. D. Hale, D. F. Williams, C. M. Wang, A. 

Dienstfrey, and D. A. Keenan, "Calibration of sampling os-

cilloscopes with high-speed photodiodes," IEEE Transac-

tions on Microwave Theory and Techniques, vol. 54, no. 8, pp. 

3173–3181, 2006. 

[15] A. Dienstfrey, P. D. Hale, D. A. Keenan, T. S. Clement, and 

D. F. Williams, "Minimum-phase calibration of sampling 

oscilloscopes," IEEE Transactions on Microwave Theory and 

Techniques, vol. 54, no. 8, pp. 3197–3208, 2006. 

[16] C. Cho, H. Koo, J. Y. Kwon, and J. G. Lee, "Uncertainty 

analysis for characterization of a commercial real-time os-

cilloscope using a calibrated pulse standard," IEEE Access, 

vol. 7, pp. 159724–159730, 2019. 
 

 

 

 

 

Hyunji Koo  
received the B.S. and Ph.D. degrees in electrical 

engineering from Korea Advanced Institute of Sci-

ence and Technology (KAIST), Daejeon, Korea in 

2008 and 2015, respectively. From March to August 

2015, she was a Post-doctoral Research Fellow at 

the School of Electrical Engineering in KAIST. 

Since September 2015, she has been a Senior Re-

search Scientist at the Center for Electromagnetic 

Standards in the Korea Research Institute of Standards and Science 

(KRISS), Daejeon, Korea. In 2018, she was a visiting researcher at the 

National Physical Laboratory (NPL), Teddington, UK. Her current re-

search interests include characterization of on-wafer or PCB devices.  

 

 

 

 

  



JOURNAL OF ELECTROMAGNETIC ENGINEERING AND SCIENCE, VOL. 21, NO. 2, APR. 2021 

94 
   

  

Jae-Yong Kwon  
received the B.S. degree in electronics from Kyung-

pook National University, Daegu, South Korea, in 

1995, and M.S. and Ph.D. degrees in electrical en-

gineering from the Korea Advanced Institute of 

Science and Technology, Daejeon, South Korea, in 

1998 and 2002, respectively. He was a Visiting Sci-

entist with the Department of High-Frequency and 

Semiconductor System Technologies, Technical Uni-

versity of Berlin, Berlin, Germany, and with the National Institute of 

Standards and Technology, Boulder, CO, USA, in 2001 and 2010, respec-

tively. From 2002 to 2005, he was a Senior Research Engineer with the 

Devices and Materials Laboratory, LG Electronics Institute of Technology, 

Seoul, South Korea. Since 2005, he has been a Principal Research Scientist 

with the Division of Physical Metrology, Center for Electromagnetic Me-

trology, Korea Research Institute of Standards and Science, Daejeon. Since 

2013, he has been a professor of the science of measurement with the Uni-

versity of Science and Technology, Daejeon. His current research interests 

include electromagnetic power, impedance, and antenna measurement. 

 

 

 

Joo-Gwang Lee  
was born in South Korea in 1960. He received the 

B.S. degree in electronic engineering from Hanyang 

University, Seoul, South Korea, in 1984, and the 

M.S. and Ph.D. degrees from the Korea Advanced 

Institute of Science and Technology, Daejeon, South 

Korea, in 1994 and 2000, respectively. Since 1986, 

he has been with the Korea Research Institute of 

Standards and Science, Daejeon. His current re-

search interests include radio-frequency and microwave measurements, 

time-domain metrology, and electromagnetic compatibility. 

 

 
 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Tae-Weon Kang  
received the B.S. degree in electronics engineering 

from Kyungpook National University, Daegu, Korea, 

in 1988, and the M.S. and the Ph.D. degrees in 

electronic and electrical engineering from the Po-

hang University of Science and Technology, Pohang, 

Korea, in 1990 and 2001, respectively. He joined the 

Center for Electromagnetic Wave, Korea Research 

Institute of Standards and Science (KRISS), Dae-

jeon, Korea, in 1990. In 2002, he spent a year as a visiting researcher under 

the Korea Science and Engineering Foundation for Post-Doctoral Fellow-

ship Program with the George Green Institute for Electromagnetics Re-

search, University of Nottingham, Nottingham, UK, where he was in-

volved in measurement of absorbing performance of electromagnetic ab-

sorbers and a generalized transmission line modeling method. He has been 

involved in electromagnetic metrology and is currently a principal research 

scientist. His current research interests include electromagnetic metrology, 

such as electromagnetic power, noise, and antenna characteristics, and nu-

merical modeling in electromagnetic compatibility. 

 

 

 

 

 

 



95 

     

 

I. INTRODUCTION 

A solenoid electromagnetic actuator (EMA) is defined as a 

device through which magnetic energy changes electrical ener-

gy into mechanical energy related to almost linear motion or 

push/pull force [1]. The typical features of EMAs are their 

compact size, simple structure [2], cheap production, simple 

activation, ease of control, and high reliability. Due to this, they 

have become widely used in many different applications. 

The design of EMAs starts with the operating conditions of 

the device. DC EMAs can work in short- or long-term re-

gimes. The most important characteristic for short-term re-

gimes is the shape of the EMA’s static characteristic, whereas 

the temperature rise due to the Joule losses produced by the 

current is the most common limitation for long-term regimes. 

DC EMAs usually need to achieve a certain force to overcome 

the initial force of a mechanism [3]. The aim of almost any EMA 

development is to increase the electromagnetic force with which 

an actuator acts on a plunger with as fast a time response as possi-

ble while maintaining the dimensions as small as possible. The 

investigation of plunger shape impact on the electromagnetic 

force of EMAs was started by Roters, who developed analytical 
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force equations for the four main plunger shapes (conical, flat, 

wedge-shaped and truncated), neglecting the fringing flux and 

saturation effect [4]. A few more different types of plunger 

shapes were investigated in [5] using a modeling approach. 

Plunger shape optimization was conducted using a genetic al-

gorithm-based technique in [1, 6]. A shape optimization of 

coil and core using a genetic algorithm approach was per-

formed in [7–9]. The coil design parameters based on the 

magnetic flux leakage were observed in [10]. The speed-

increasing method of solenoid EMAs using a non-magnetic 

ring has been presented in [11]. Since the coils are the main 

constructional elements of an EMA, the coil parameter selec-

tion process is a prerequisite to building an efficient device. 

The selection of coil parameters in terms of the coil’s dimen-

sions and number of turns are investigated in [12]. The impact 

of the coil winding angle on the force of DC solenoid electro-

magnetic actuators has been studied in [13]. The shape of the 

upper core, specifically control cone length and slope, has been 

investigated in [14]. However, none of these papers investigat-

ed the improvement of the electromagnetic force characteristics 

and time response of DC solenoid EMAs by changing the 

lower core angle.  

This paper presents research on the impact of the lower core 

angle on the electromagnetic force and time response of a DC 

solenoid EMA. An analytical analysis of a DC solenoid 

EMA’s magnetic path has been developed. A transient numer-

ical simulation was performed on the 2D axial-symmetric 

model of the EMA using the ANSYS Maxwell software pack-

age. The numerical simulation model includes simultaneously 

solving time-dependent partial differential equations of the 

EMA’s magnetic, electrical, and mechanical subsystems, 

whereas its magnetic subsystem is analyzed by FEM. The la-

boratory testing measurements of EMAs with different lower 

core angles are compared with the analytical and numerical 

simulation results. 

II. WORK PRINCIPLE AND MATHEMATICAL  

FORMULATION  

The general structure of a DC solenoid EMA is shown in 

Fig. 1. It consists of a coil, plunger, non-magnetic shaft, upper 

core, non-magnetic ring, spring, lower core, non-magnetic 

plate, and air gap (Table 1).  

A magnetic circuit comprises the lower and upper core, 

housing, and plunger. The electromagnetic force acting on the 

plunger is generated in the air gap, the site of energy conver-

sion. The coil provides electrical resistance. The plunger posi-

tion is initialized by the non-magnetic plate, while the spring 

returns the plunger to the initial position after activation [9, 13]. 

 
 

Fig. 1. The 2D axial-symmetric model of a DC solenoid EMA.

 

Table 1. DC solenoid EMA parts 

Label in Fig. 1 Part Material

1. Non-magnetic shaft Stainless steel

2. Upper core Pure iron

3. Air gap -

4. Non-magnetic ring Aluminum

5. Coil Copper

6. Housing Steel 1010

7. Spring area -

8. Plunger Pure iron

9. Lower core Pure iron

10. Non-magnetic plate Stainless steel

 
The activation response of a DC solenoid EMA consists of 

three common periods: a sub-transient period, transient period, 

and stopping period [3]. In the sub-transient period, the exci-

tation voltage is applied, yet there is still no plunger movement. 

The magnetic flux flows through the magnetic path and builds 

electromagnetic force. When the electromagnetic force value 

overcomes the return spring’s initial force, the plunger starts to 

move, and the transient period begins. The plunger movement 

causes changing magnetic flux in the EMA. Electromotive 

force, which opposes the voltage source and causes the current 

to drop, is induced in the coil due to the change in linkage 

magnetic flux [1]. After the plunger stops its movement, the 

stopping period begins (the EMF retreats and the current con-

tinues to increase). 



PLAVEC et al.: IMPROVING THE FORCE AND TIME RESPONSE OF A DC SOLENOID ELECTROMAGNETIC ACTUATOR BY CHANGING THE LOWER… 

97 

  
 

1. Analytical Model 

In this paper, a solenoid EMA is observed as a magnetic cir-

cuit, and due to this, it can be described using Ampere’s and 

Hopkinson’s laws. If the same current flows through all the 

turns, Ampere’s law can be written as follows [10]:  
 

 ∮ 𝐻𝑑𝑙 = ∑ 𝐼 = 𝑁𝐼, (1)

 ∮ 𝐻𝑑𝑙 = ∮ 𝑑𝑙 = ∮ 𝑑𝑙 = 𝑁𝐼, (2)

 

where 𝐻 is the magnetic field strength, 𝐼  are the currents 

flowing in the N windings, 𝐵 is the magnetic flux density, 𝜇 

is the permeability of the magnetic material, Φ is the magnet-

ic flux, and 𝑆 is the area crossed by the magnetic flux. Assum-

ing that all the magnetic flux remains contained inside the 

EMA, it can be considered as a constant. Since there are two 

types of materials along the path of integration (magnetic ma-

terial and air) and considering reluctance, ℜ = , (2) can be 

written as:  

 Φ + = 𝑁𝐼, (3)

 Φ(ℜ + ℜ ) = 𝑁𝐼, (4)

 

where ℜ  is the magnetic material reluctance and ℜ  is the 

air gap reluctance. The reluctances are represented by the fol-

lowing equations: 
 

 ℜ = , ℜ = , (5)

 𝑆 = 𝑆 = 𝑆, (6)
 

where 𝑙  is the length of the path along the magnetic materi-

al, 𝜇 = 4𝜋 ∙ 10  is the magnetic permeability of air, 𝜇 = 160 is the permeability of the magnetic material, and 𝑙  

is the length of the air gap. By combining Eqs. (2) and (5), the 

magnetic flux density equation is obtained: 
 

 Φ + 𝑙 = 𝑁𝐼 → Φ = = 𝐵𝑆, (7) 

 𝐵 = . (8) 

 

From the definition of the Maxwell Stress Tensor and the 

properties of the Kronecker delta along with the fact that the 

magnetic field 𝐵 has only 𝑦 component (Fig. 1), it is possible 

to write the electromagnetic force acting on the plunger of the 

EMA as [15]: 
 

 𝜎 = 𝐵 𝐵 − 𝐵 𝛿 , (9)

 𝜎 = 𝐵 − 𝐵 = → 𝐹 = 𝜎 𝑆. (10)

 

By combining Eqs. (8) and (10), the final equation for elec- 

 
Fig. 2. Design variables overview. 

tromagnetic force (𝐹 ) is obtained: 
 𝐹 = ( ) . (11)

 

The cross-section area of the plunger can be obtained using 

the following equation: 𝑆 = 𝜋 𝑟 − 𝑟 , (12)
 

where 𝑟  is the plunger’s outer radius and 𝑟  is the radius 

of the non-magnetic shaft. The length of the path along the 

ferromagnetic material (Fig. 2) is calculated using the following 

equation: 
 𝑙 = 𝑙 + 𝑙 + ℎ + 𝑙 + 𝑙 + 𝑙 + 𝑤 + 𝑡2 (13)
 

with the following notations: 𝑙 , 𝑙  is the paths along the 

magnetic material in the 𝑥 and 𝑦 direction; ℎ  is the height 

of the lower core; 𝑙  is the length of the path along the angled 

part of the lower core; 𝑙  is the length of the path along the 

plunger; 𝑙  is the length of the path along the upper core; 𝑤  is the coil width; and 𝑡  is the thickness of the core. 

The magnetic path length along the angled part of the lower 

core (𝑙 ) and the magnetic path along the plunger (𝑙 ) are cal-

culated using the expression for ellipse arc length. The equation 

of the ellipse in the Cartesian coordinate system with the major 

axis along the x-axis, whose length is 2𝑎, and with the minor 

axis along the y-axis, whose length is 2𝑏, is: 
 𝑏 𝑥 + 𝑎 𝑦 = 𝑎 𝑏 . (14)

 

The expression for computing the arc length of any curve 

given by the parametric equations (𝑥 = 𝑓(𝑡), 𝑦 = 𝑓(𝑡)) over 

the range 𝑐 ≤ 𝑡 ≤ 𝑑 is given as [16]: 
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 𝑑𝑠 = + 𝑑𝑡. (15)
 

In this case, the range is the first quadrant (0 ≤ 𝑡 ≤ π/2). 

The following ellipse parametric equations and their deriva-

tions are used: 
 

 𝑥 = asin(𝑡) , = 𝑎𝑐𝑜𝑠(𝑡), (16)

 𝑦 = 𝑏𝑐𝑜𝑠(𝑡), = −𝑏𝑠𝑖𝑛(𝑡), (17)
 

By combining (15) with (16) and (17), the final equation for 

ellipse arc length in the first quadrant is obtained: 
 𝑑𝑠 = 𝑎 cos 𝑡 + 𝑏 sin 𝑡 𝑑𝑡/

. (18)
 

This can be further rewritten using cos 𝑡 = 1 − sin 𝑡: 
 

 𝑑𝑠 = 1 − sin 𝑡 𝑑𝑡/
, (19)

 𝑑𝑠 = 1 − 𝑘 sin 𝑡 𝑑𝑡 /
. (20)

 

The obtained complete elliptic integral of the second kind is 

one of those integrals that cannot be expressed in a closed form 

in terms of the familiar functions of calculus, except if 𝑘 = 0 

(circle). For the purpose of analytical calculation of the ferro-

magnetic path length along the angled lower core, Kepler’s 

approximation is used [16]: 
 

 𝑑𝑠 = (𝑎 + 𝑏). (21) 
 

Using the above expression, the length of path along the an-

gled part of the lower core (𝑙 ) and the length of path along 

the plunger (𝑙 ), both shown in Fig. 3, are calculated: 
 

 𝑙 = + = (𝑡 + 𝑡 𝑡𝑔𝛼), (22)

 𝑙 = 𝑟 − 𝑟 + 𝑡 𝑡𝑔𝛼 . (23)
 

 

 

 

     
 

Fig. 3. The plunger and lower core (zoomed detail). 

The length of path along the upper core, using (20), is ap-

proximated by the following equation (Fig. 2): 
 𝑙 = (2ℎ + 𝑡 + 2𝑡 + 𝑟 − 𝑟 ). (24)
 

When (22), (23), and (24) are put in (13), the total length of 

the magnetic path through the EMA is obtained by the fol-

lowing equation: 
 𝑙 = 2𝑤 + ℎ + 2𝑡 + 𝑡2 + 𝑡 + ℎ + + 𝑟 − 𝑟 + 𝑡 𝑡𝑔𝛼 . (25)
 

By combining Eqs. (11) and (25), the final equation for elec-

tromagnetic force (𝐹 ) acting on the plunger is obtained. 

 

2. Numerical Model of EMAs 

The numerical model of an EMA is represented by three 

nonlinear systems (magnetic, electrical, and mechanical), which 

are mutually coupled and solved concurrently. Maxwell’s equa-

tions are a set of four differential equations that form the theo-

retical basis of electromagnetism. They describe time- and 

space-dependent solutions, and they are used to solve the 

EMA’s magnetic subsystem [12]. The vector potential 𝐴 has 

only one component, and that scalar function depends on two 

space variables (𝑟, 𝑧) and time (𝑡) when dealing with axially 

symmetric geometry [1]. The EMA’s magnetic subsystem is 

represented by the following time-dependent differential equa-

tion [17]: 
 𝜕𝜕𝑟 1𝜇 ∙ 𝑟 ∙ 𝜕𝜕𝑟 𝑟𝐴 + 𝜕𝜕𝑧 1𝜇 ∙ 𝜕𝐴𝜕𝑧 = 

∙ − 𝜎 + 𝜎𝑣 , (26)
 

where 𝐴  is the circular component of the magnetic vector 

potential, 𝑆  is the cross-section area of coil, 𝜎 is the electric 

conductivity, and 𝑣 is the plunger velocity. The EMA’s elec-

trical subsystem is described by the following equation: 
 𝑢 = 𝑅 𝑖 + ∙ 𝑟 ∙ 𝐴 𝑑𝑆 , (27)
 

where 𝑢 is the applied voltage and 𝑅 is the coil resistance. 

The EMA’s mechanical subsystem is represented by Newton’s 

second law, whereby the plunger movement is described as 

follows: 
 𝑚 + 𝛽𝑣 = 𝐹 − 𝐹 , (28)
 

where 𝑚 is the plunger mass, 𝛽 is the damping coefficient, 𝑣 is the plunger velocity in 𝑧 direction and 𝐹  is the load 

force. The plunger velocity in 𝑧 direction is given as: 𝑣 = . (29)
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The electromagnetic force calculation was performed in eve-

ry time step using the magnetic energy change equation [17]:  
 

 𝐹 = = 𝐵𝑑𝐻 𝑑𝑉 , (30)
 

where 𝑊 is the magnetic energy, 𝐻 is the magnetic field 

strength, and 𝑉 is the volume of the EMA. The electromag-

netic calculation was conducted using ANSYS Maxwell and 

ANSYS Simplorer software (Fig. 4). 

III. SIMULATION RESULTS ANALYSIS 

Five different models of solenoid EMA were simulated 

overall. Plunger shape and mass (𝑚 = 18 g), applied DC 

voltage (𝑈 = 220 V), and coil resistance (𝑅 = 92 Ω) are 

common to all the simulated models. On the outer edges of all 

the simulated models, Dirichlet’s boundary conditions for the 

magnetic field (𝐴 = 0), have been applied. This constraint 

causes the magnetic flux to be tangential at the edges of the 

model, keeping it within the simulated region. Based on the 

maximum current that can be interrupted (2.5 A), the coil re-

sistance and the required number of turns have been calculated. 

To the modeled motion area containing the plunger, the 

moving mesh was applied. The mesh size elements should be 

small enough to prevent significant element deformation, 

which can have a serious impact on the solution’s accuracy due  

to the magnetic flux density calculation error in the vicinity of 

the plunger. The variable spring force is modeled as a func-

tion of the plunger displacement, to which is added the pre-

load spring force (𝐹 = 0.5 N), thus making the total load 

force (𝐹 ): 
 𝐹 = 𝐹 + 𝑘𝑧, (31)
 

where 𝑘  is the spring constant and 𝑧  is the plunger dis-

placement. The total duration of the simulation is set to 10 ms, 

whereas the simulation time step is set to 0.02 ms. The impact 

of the lower core angle on the electromagnetic force, induct-

ance, and time response of EMAs was observed at angles of 0°, 

20°, 40°, 50°, and 60°. The numerical simulation results of the 

electromagnetic force dependent on the lower core angle and 

coil current, as well as inductance and dependency on time, are 

illustrated in Figs. 5–7 and in Table 2. 

The magnetic flux density distribution in EMA at 3.2 ms 

for lower core angles of 0°, 20°, and 40° is shown in Fig. 8. The 

plunger velocity and position relative to the plunger starting  

 

 

Fig. 5. Numerical simulation results of lower core angle’s impact 

on current. 

 

 

 
Fig. 4. The model of EMAs in ANSYS Simplorer. 

Fig. 6. Numerical simulation results of lower core angle’s impact 

on attraction force. 
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Fig. 7. Numerical simulation results of lower core angle’s impact 

on inductance. 

 

Table 2. Numerical simulation results of lower core angle’s impact 

on EMA characteristics 

 0° 20° 40° 50° 60°

Time response (ms) 5.22 5.12 5.04 4.98 4.96

Max force (N) 350 364 374 375 376

Max inductance (H) 0.81 0.82 0.85 0.82 0.77

 

Fig. 8. Magnetic flux density distribution in EMAs at 3.2 ms for 

lower core angle (α) of (a) 0°, (b) 20°, and (c) 40°. 

 

point are higher if the lower core angle is higher. At 3.2 ms, 

the lower core with a 40° angle has a velocity of 5.67 m/s and 

position of 4.7 mm, compared to the flat lower core (0°), which 

has a velocity of 4.37 m/s and position of 3.33 mm. 

IV. LABORATORY TESTING 

A total of three prototype models with lower core angles of 

0°, 40°, and 60° were produced. The flat type of plunger was 

used for testing procedures in all the prototype models. The 

properties of tested EMAs are given in Table 3, while the de-

sign variables are given in Table 4. 

The prototype models were tested in the accredited Labora-

tory Center of KONČAR Electrical Engineering Institute. 

Coil resistance, current, and electromagnetic force were meas-

ured. A standard multimeter, FLUKE 289 IMSK, was used to 

measure coil resistance. The programmable DC power supply 

TDK Lambda Genesys 300-11 was used to power EMAs. A 

National Instruments TR12K transient recorder with a sample 

rate of 20 MS/s and its acquisition unit were used to measure 

coil current precisely. The electromagnetic force measurement 

method was improved compared to [2]. The electromagnetic 

force acting on the plunger was measured using the universal 

machine for testing materials: ZwickRoell Z020. To determine 

the electromagnetic force value, the load cell ZwickRoell Type 

XForce HP with sensitivity of 2 mV/V, having a linear charac-

teristic for measurement in range from 0 to 500 kg, was used. 

The load cell has a measurement accuracy of ±2% within this 

range. Before the force measurement process, the top of the 

machine extension attached to the load cell was set at a dis-

tance of 1 mm from the top of the plunger in its final position. 

Since the tested prototypes were short-term regime type, the  

 

Table 3. EMA properties 

Parameter Value

Rated power (W) 526 

Rated voltage (V) 220 

Coil resistance (Ω) 92 

Time response (ms) 4.9-5.2 

Dimensions (mm)  

Height×Width×Length 41 × 38 × 38 

 

Table 4. EMA design variables 

Label Description Value𝑟 Non-magnetic shaft radius (mm) 3 𝑟 Plunger outer radius (mm) 6𝑡 Core thickness (mm) 2𝑤 Coil width (mm) 7ℎ Coil height (mm) 27𝑙 Air gap length (mm) 10 𝑁 Number of turns 1,890𝑡 Lower core thickness (mm) 2ℎ Upper core height (mm) 8
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head velocity of the material testing machine was set to 𝑣 =1 mm/s to prevent the EMAs from overheating during the 

testing. The load cell moved together with the material testing 

machine head, reading the electromagnetic force value along 

with its movement (Fig. 9). 

The measurements showed that by changing the lower core 

angle, the electromagnetic attraction force acting on the plung-

er could be increased by 7.1%, from the initial 363.35 N to 

389.14 N, while at the same time, the EMA’s time response is 

reduced by 2.94%, from 5.11 ms to 4.95 ms (Table 5 and 6, 

Figs. 10–12). 

 

 

Fig. 9. The force measurement process. 

 
Table 5. Measurement results of the lower core angle’s impact on 

EMA characteristics 

 0° 40° 60°

Time response (ms) 5.11 4.96 4.95

Max force (N) 363.35 388.44 389.14

 

 

Fig. 10. Measurements and numerical simulation results compari-

son for angle α = 0°. 

 

Fig. 11. Measurements and numerical simulation results compari-

son for angle α = 40°. 
 

 

Fig. 12. Measurements and numerical simulation results compari-

son for angle α = 60°. 
 

V. RESULTS COMPARISON 

Table 6 shows a comparison of measurements, numerical 

simulation results, and analytical results. The results show that 

the maximum electromagnetic force of the solenoid EMA in-

creases as the lower core angle increases. 

Considering the influence of the lower core angle on the re-

sponse time of EMA, the numerical simulation results, as well 

as the analytical and measurement results, reveal that the time 

response of solenoid EMAs is faster if the lower core angle is 

higher (Table 6). 

The maximum deviation between the simulated and meas-

ured values of the electromagnetic force is 3.86% for a lower 

core angle of 40° (Fig. 13). Concurrently, the maximum devia-

tion between the simulated and measured response time is  

1.76% at a lower core angle of 0° (Table 6). The total meas-

urement uncertainty is shown in Fig. 14, and it is ±8%. 
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Table 6. Comparison of measurement, simulation, and analytical 

results 

  Measured Simulated Analyticalα = 0° Max force (N) 363.35 350 393.1

 Time response (ms) 5.11 5.20 -

 Resistance (Ω) 89.81 92 92α = 40° Max force (N) 388.44 374 418.78

 Time response (ms) 4.96 5.04 -

 Resistance (Ω) 89.69 92 92α = 60° Max force (N) 389.14 376 424.23

 Time response (ms) 4.95 4.96 -

 Resistance (Ω) 89.90 92 92

 

Fig. 13. Deviation between numerical simulation results and measure-

ments. 

 

Fig. 14. Measurement uncertainty, ±8%. 

 

VI. CONCLUSION 

The aim of almost any electromagnetic actuator develop-

ment is to increase the electromagnetic force with which an 

actuator acts on a plunger with as fast a time response as possi-

ble while maintaining the dimensions as small as possible. 

This paper has presented research performed on the impact 

of the lower core angle on the electromagnetic force and re-

sponse time of a DC solenoid EMA, which is based on a mag-

netic path analysis. The measurements, numerical simulation 

results, and analytical results were compared.  

Numerical simulation results showed that, by increasing the 

lower core angle from 0° to 60°, it is possible to increase the 

maximum electromagnetic force by 7.43% while, at the same 

time, reducing the response time by 4.6%. The three proto-

types with lower core angles of 0°, 40°, and 60° were produced 

and tested in an accredited Laboratory Center at KONČAR 

Electrical Engineering Institute.   

Measurements were taken of the EMA’s electromagnetic 

force and response time. The maximum deviation between the 

simulated and measured values of the electromagnetic force 

was 3.86%, whereas the maximum deviation between the 

simulated and measured response times was only 1.76%. The 

analytical method presented yields a maximum deviation of 

9.02% compared to the measured values of the electromagnetic 

force, and therefore, it can be concluded that it is suitable for 

the rapid calculation of maximum electromagnetic force. 
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I. INTRODUCTION 

Microwave remote sensing of Earth’s terrain using satellite 

synthetic aperture radar (SAR) provides us valuable information 

nowadays. There are many SARs at C- and X-bands, such as 

SENTINEL-1(A and B) and RADARSAT-2 at the C-band 

and TerraSAR-X/TanDEM-X, COSMO-SkyMed(1, 2, 3, 4), 

and KOMPSAT-5 at the X-band. Therefore, in this study we 

focused on the C- and X-bands, and also on farming fields and 

rangelands that microwaves at C- and X-bands can penetrate 

through their vegetation canopies.  

The radiative transfer (RT) technique has been widely used 

for microwave backscattering from vegetation fields [1, 2]. The 

radiative transfer model (RTM) has a relatively good accuracy 

for estimating the backscattering coefficients for a wide range of 

vegetation canopies [3, 4]. In the RTM, the phase matrix should 

be accurately calculated for a scattering particle with given inci-

dent, scattered, and orientation angles in elevation and azimuth-

al directions (𝜃 , 𝜙 ; 𝜃 , 𝜙 ; 𝜃 , 𝜙 ) as well as the size of the 

particles relative to the wavelength [1]. 

The phase matrix is obtained from a scattering matrix [S] 

that is calculated assuming that a leaf is a dielectric lossy flat 
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rectangular or circular plate. The RTM may need to be exam-

ined further in terms of the effect of the curvature of a leaf on 

the radar backscatter to be more practical for applying this mod-

el to the determination of the backscattering coefficients of veg-

etation canopies. The effect of curvature on the radar backscat-

ter is quite large for backscattering from a curved dielectric sheet 

at C- and X-band frequencies [5, 6]. Therefore, we may need to 

examine in detail the effect of the leaf curvature on the RTM. 

The first-order vector RTM does not include the higher-order 

multiple scattering among scattering particles in a vegetation  

canopy. The cross-polarized backscattering coefficient (𝜎  or 𝜎 ) of a vegetation field is much more sensitive to the multiple/ 

volume scattering from a vegetation canopy than the co-polarized  

backscattering coefficients (𝜎  and 𝜎 ), and consequently, 𝜎  is used for calculating the radar vegetation index (RVI) or 

polarimetric radar vegetation index (PRVI) [7]. It was also 

shown with a numerical calculation that the cross-polarized 

backscattering coefficient is very sensitive to the higher-order 

multiple scattering, whereas the co-polarized coefficients are not 

[8]. Therefore, the reexamination of the multiple-scattering 

effect on the RTM might be crucial, especially for the cross-

polarized backscattering coefficients of vegetation fields. 

Although the backscattering from a bare soil surface can be 

accurately computed with theoretical and empirical models such 

as the integral equation method (IEM) [9] and polarimetric 

radar inversion for soil moisture (PRISM) [10], the reflection 

from a rough soil surface needs to be examined in more detail, 

because the microwave interaction between the vegetation can-

opy and the underlying soil surface mainly depends on the soil-

surface roughness in addition to the soil moisture. We may need 

to redefine the surface roughness for microwave reflection in a 

different scale (small roughness) in comparison with the surface 

roughness for microwave backscattering (large roughness). 

In this paper, we first examine the RTM for the effect of the 

leaf curvature in a vegetation canopy, the multiple-scattering 

effect for vv-, hh-, and vh- (hv-) polarization combinations, and 

the effect of the surface roughness on the reflection coefficient 

of an underlying soil surface. Then, the RTM is modified with 

the optimized input parameters in relation with the leaf curva-

ture, the higher-order multiple scattering, and the small rough-

ness of underlying surface. Finally, the accuracy of the modified 

RTM is verified by comparing it with experimental data sets. 

II. EXAMINATION OF RTM 

The first-order RTM is a well-known theoretical model for ra-

dar backscattering from a vegetation canopy over an underlying 

soil surface, especially for range and farming fields, as shown in 

Fig. 1. In general, the RTM includes five scattering mechanisms: 

 

Fig. 1. Scattering mechanisms in FVRTM model. 

 

 

(1) the direct backscatter from the vegetation layer,  

(4) the direct backscatter from the underlying soil surface with 

the attenuation through the vegetation layer, and  

(2)–(3) the interactions between the vegetation layer and the 

underlying soil surface: i.e.,  

(2a) incidence – reflection from the ground – forward scattering 

from the vegetation layer – backscatter,  

(2b) incidence – forward scattering from the vegetation layer – 

reflection from the ground – backscatter, and  

(3) incidence – reflection from the ground –backscattering from 

the vegetation layer – reflection from the ground – backscatter.  

Then the backscattering coefficient of a vegetated surface can 

be computed by the following summation of the five scattering 

mechanisms: 

 𝜎 = 𝜎 + 𝜎 + 𝜎 + 𝜎 + 𝜎 ,        (1) 
 

where the first four terms can be formulated with scattering 

matrices of vegetation particles such as lossy dielectric disks for 

leaves and lossy dielectric cylinders for stems and branches [1–3]. 

The last term of Eq. (1) can be obtained from a theoretical or 

empirical model for microwave backscattering from soil surfaces 

[9, 10]. 

Eq. (1) can be explicitly expressed in the following form: 

 

 𝜎 = 4𝜋 𝑐𝑜𝑠 𝜃 𝑇 ,          (2) 

 

where p or q denotes v- or h-polarization, m or n is 1 or 2, and 

vv-, vh-, hv-, and hh-polarizations correspond to 11, 12, 21, and 

22 elements of the 4 × 4 transformation matrix 𝑇 that can be 

computed with the following matrix multiplications with the 

canopy scattering matrix �̿�, the eigen matrix 𝐸, the diagonal 

extinction matrix 𝐷, the reflectivity matrix 𝑅, the Stokes scat-

tering operator matrix 𝑀, and the phase matrix 𝑃 [1, 5]. 
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𝑇 = 𝑠𝑒𝑐𝜃 𝑇  

with  T = E  A  E   T = E  A  E R {E D E }  T = E D E R E  A  E  T = {E D E }R E  A  E R {E D E } T = E D E M E D E ,            (3) 

 

where [A ] = [E P E ]  C ,  [4].  

The subscripts k = 1, 2, 3, 4, and 5 of the transformation ma-

trix 𝑇  correspond to the scattering mechanisms 1, 2a, 2b, 3, 

and 4, respectively, in Fig. 1. The subscripts 1, 2, 3, and 4 of other 

matrices indicate the scattering or incident directions (↘), (↗), 

(↙), and (↖), respectively. The 4 × 4 phase matrix 𝑃 can be 

computed from the 2 × 2 scattering matrices 𝑆̿ of scattering 

particles, and the constant C ,  can be obtained using the av-

eraged scattering matrices 〈𝑆̿〉, for the ijth elements of the matri-

ces. The Stokes scattering operator matrix 𝑀 can be computed 

from a polarimetric theoretical or empirical surface scattering 

model for backscattering coefficients, such as the IEM model 

and the PRISM model [2].  

 

1. Effect of Leaf Curvature 

There are various shapes and sizes of leaves in rangelands and 

farming fields, such as blade-type and disk-type lossy dielectric 

leaves. Those natural and agricultural leaves usually have curved 

shapes and/or irregular surfaces. The reduction of radar cross 

section (RCS 𝜎) of a curved dielectric sheet can be analytically 

computed accurately by multiplying a curve factor to the scatter-

ing matrix of a flat dielectric disk, using a Fresnel integral with 

the argument of leaf length a and the radius of curvature 𝜌 for 

a given frequency [6]. 

     𝑆  =  𝑆  𝐹(𝛾) 𝛾⁄ ,  with 𝛾 = ,        (4) 
 

where 𝑆  is the scattering matrix element for a curved lossy 

dielectric sheet, 𝑆  is the scattering matrix element for a flat 

plate, 𝐹(𝛾) is the Fresnel integral with an argument 𝛾, and 𝑘  

is the wavenumber. For example, the reductions of RCS at nor-

mal incidence are about 0.98, 0.75, and 0.4 in magnitude for L-, 

C-, and X-bands, respectively, when both the curvature radius 

and leaf length are 6 cm. The RCS reductions are 0.95, 0.75, 

and 0.32 for the curvature radii of 12, 6, and 3 cm, respectively, 

with a fixed leaf length of 6 cm at the C-band [6]. Therefore, we 

need to multiply a multiplicative factor, i.e., the “curve factor” 𝐶 , to the scattering matrices for leaves and stems to com-

pensate for the RCS reduction because of the leaf-curvature 

effect in the RTM.  
 

 𝐶 ≡ 〈 〉 = 〈𝐹(𝛾) 𝛾⁄ 〉,            (5) 

 [𝑆] = 𝐶  [𝑆],        (6) 
 

where [𝑆]  is the modified scattering matrix of a leaf or a 

branch. 

The curve factor may also cover the RCS reduction that 

would be caused by the irregularity deviating from the flatness 

of a leaf. 

 

2. Effect of Multiple Scattering   

The RTM does not include the higher-order multiple scat-

tering as shown in Fig. 1, whereas the actual microwave 

backscatter will include the higher-order multiple scattering 

inside the vegetation layer and between the vegetation layer and 

the underlying ground surface. A full-wave analysis by the mo-

ment method for a relatively sparse vegetation field revealed that 

the effect of multiple scattering is negligible for co-polarization, 

whereas the cross-polarized backscattering coefficients are sig-

nificantly influenced by the effect of multiple scattering [8]. For 

example, the difference between a full-wave analysis that in-

cludes all orders of multiple scattering and a theoretical model 

that includes only single scattering is about 9 dB for hv-

polarization and less than 0.5 dB for hh-polarization for a sam-

ple vegetation canopy with only ten 2λ-length stems on a 2λ-

diameter underlying surface [8]. The fully phase-coherent com-

putation [11] for the backscattering coefficients of grasslands 

also showed that the higher-order scattering terms should be 

added to fit the radar measurements for the cross-polarized data 

[12]. 

The effect of multiple scattering can be accounted by multi-

plying a factor, the so-called “multiple factor” 𝑀 , to the 

transformation matrix elements for the higher-order multiple 

scattering from scatters in a vegetation layer. 
 

 [𝑇] = 𝑀 , [𝑇] ,          (7) 
 

where [𝑇]  is the modified kth transformation matrix, and the 

multiple factor may be obtained from an extensive database of 

experimental measurements.  

 

3. Effect of Surface Roughness   

For the backscattering from an underlying soil surface, the 

microwave radiates from an antenna of a radar far from the 

rough surface. Therefore, the surface roughness should be con-

sidered for the whole antenna footprint that provides a large-

scale roughness. However, for the reflection from the underlying 

soil surface in the scattering mechanisms 2a, 2b, and 3 in Fig. 1, 

the scattering particles are positioned near the surface. Therefore, 

the area of reflection might be small, which provides a small 

roughness. The retrieval of the RMS height depends on the 

length of the surface profile, and the measured RMS height 

rapidly decreases with a decrease in the profile length of the 

surface [13, 14]. Therefore, the use of large-scale roughness pa-
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rameters for mechanism 4 and small-scale roughness parameters 

for mechanisms 2a, 2b, and 3 can be recommended.  

The effect of small roughness would be implemented with 

the decrease in the RMS height for the computation of the 

microwave reflection, such as ℎ =  roughness factor 

(𝑅 ) × ℎ , where ℎ  is the small-roughness RMS 

height for reflection, and ℎ  is the RMS height for 

backscattering from the soil surface. For the reflection from a 

rough surface, the following form of the reflection coefficient is 

used for the reflectivity matrix. 
 [𝑅] = 𝑅  [𝑅],             (8) 
 

where [𝑅]  is the modified reflectivity matrix, and 

 𝑅 =  = [𝑒𝑥𝑝[−𝑋] 𝐼 [𝑋]]       (9) 
 

with 𝑋 = 2(𝑘ℎ 𝑐𝑜𝑠 𝜃) , where 𝛤  is the reflection co-

efficient of a rough soil surface, 𝛤  is the Fresnel reflection 

coefficient of a flat plane, the subscript p is the polarization, 𝜃 is 

the incidence angle, and 𝐼0[⋅⋅⋅] is the modified first-kind Bessel 

function. 

III. MODIFICATION AND VERIFICATION OF RTM  

The parameters of the RTM with regard to the effects of the 

leaf curvature, multiple scattering, and small roughness can be 

determined on the basis of comparisons between the measure-

ments and the RTM. There are numerous data sets for radar 

backscattering coefficients of vegetation fields at the C- and X-

bands. However, it is difficult to find the ground-truth data sets 

that include all input parameters of the RTM, such as the water 

contents of leaves and stems, the root-mean-square (RMS) 

height of the underlying soil surface, the volumetric soil mois-

ture content, the height of the vegetation-crown layer, and the 

averages and standard deviations of leaf length, leaf width, leaf 

density, leaf thickness, leaf vertical and horizontal angles, stem 

length, stem diameter, stem density, and stem vertical and hori-

zontal angles. Therefore, we collected the ground-truth data in 

relation with the input parameters of the RTM as well as polar-

imetric scatterometer measurement data sets.   
 

1. Experimental Data Sets  

The Hongik polarimetric scatterometer (HPS) was used to 

acquire the full-polarimetric backscattering coefficients of vege-

tation fields to closely examine the RTM. The backscattering 

coefficients of a cornfield in Suwon, Korea, were acquired at the 

C-band and five different incidence angles (20º, 30º, 40º, 50º, 
and 60º) from May 29 to July 11, 2013, covering a whole grow-

ing season. The HPS is a vector-network-analyzer-based full-

polarimetric L-, C-, and X-band scatterometer, and it is cali-

brated by the differential Mueller matrix calibration technique 

(DMMCT) [15] with a single calibration target, namely, a tri-

hedral corner reflector. The backscattering coefficients of a bean 

field in Suwon, Korea, were also collected by the COSMO-

SkyMed SAR at the X-band at 40º for hh-polarization during 

the bean growth cycle from July 22 to September 24, 2010. 

We also collected in situ measured ground-truth data for all 

the input parameters of the RTM on the same days when the 

radar data were collected. The parameters for vegetation fields 

were obtained by sampling. The surface roughness parameters 

such as the RMS height were obtained from surface profiles 

that were measured with a laser profilometer and a pin pro-

filometer. The leaf-area index (LAI) values were acquired using 

AccuPAR LP-80 of Decagon Devices Inc., and the soil mois-

ture contents were measured using EC-5 of the same company. 

 

2. Determination of Parameters 

By minimizing the root-mean-square error (RMSE) between 

the RTM and the scatterometer measurements of a cornfield at 

the C-band, we can obtain optimum curve, multiple, and 

roughness factors. It was found that the optimized curve factors 

for considering the effect of leaf curvatures are about 0.7 for 

leaves and 1.0 for stems at the C-band for scattering from corn-

fields. The curve factor depends on frequency (or wavelength) 

[6], and the curve factor becomes about 0.5 for leaves and 0.7 

for branches (stems) at the X-band for scattering from soybean 

fields.  

The co-polarized backscattering coefficients that were meas-

ured from vegetation fields agree well with the RTM, and con-

sequently, the multiple factor is about 1.0 at vv- and hh-

polarizations as determined by the RMSE technique while con-

sidering the effect of multiple scattering, which means that the 

first-order multiple scattering is dominant for the co-polarized 

backscattering coefficients. However, the RMSE technique pro-

vides about 50 for the cross-polarized scattering from the corn 

fields.  

The RMSE technique leads us to the rough factor of about 

0.7. The effect of the rough factor is negligible for very sparse 

and very dense vegetation canopies, because the interaction be-

tween the vegetation canopy and the underlying surface in these 

cases is negligible. 

 

3. Verif ication 

The RTM is modified with the induced parameters from the 

effects of the leaf curvature, multiple scattering, and small 

roughness for the reflection, and its accuracy is examined by 

comparisons between the modified RTM and the scatterometer 

measurements. Fig. 2 shows the comparison among the scat-

terometer measurements on May 29, the traditional RTM 

(“Old Model”), and the new RTM modified with the “curve 

factor,” “multiple factor,” and “roughness factor” as explained in  
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Fig. 2. Comparison among HPS measurements on May 29, 2013, 

traditional RTM, and modified RTM for vv-, hh-, and vh-

polarizations. 

 

the previous section, and with in situ field-measured 21 input 

parameters, for multi-polarized backscattering coefficients of the 

cornfield. The early-stage cornfield on May 29, 2013 was a 

sparse vegetation field with a plant height of 30 cm and an LAI 

of 0.48. The backscattering from the underlying soil surface 

would be dominant in this case. Therefore, the improvement of 

the modified RTM is minimal for co-polarized backscattering 

coefficients. However, the cross-polarized backscattering coeffi-

cient of the modified RTM is remarkably improved, such as 2.2 

dB at 50º and 4.4 dB at 60º as shown in Fig. 2.  

Fig. 3 shows the comparison among the scatterometer meas-

urements on July 11, 2013, the traditional RTM, and the 
 

Table 1. Comparison of RMS deviations  

 

RMS deviation (dB) 

Fig. 2 Fig. 3 

Old New Δ Old New Δ

VV 1.94 1.28 0.66 3.72 0.95 2.77

HH 1.01 1.39 -0.38 2.89 0.74 2.15

VH 3.39 1.13 2.26 7.88 2.70 5.18

 

Fig. 3. Comparison between HPS measurements on July 11, 2003, 

traditional RTM, and modified RTM for multi-polarized 

data. 

modified RTM for the multi-polarimetric data. The full-grown 

cornfield on July 11 was a dense vegetation field with a plant 

height of 250 cm and an LAI of 2.62. Fig. 3 shows that the tra-

ditional RTM provided about 2–3 dB higher co-polarized 

backscattering coefficient than the radar measurements without 

correction for the effect of leaf curvature, whereas the modified 

model and the measurements agree quite well for the co-

polarized backscattering coefficients. The improvement of the 

cross-polarized backscattering coefficients with the modification 

for the higher-order multiple scattering is very large as shown in 

Fig. 3 and Table 1, especially for higher incidence angles, be-

cause of (1) the vertical structures of the corn-plant stems and (2) 

the effective depth increase at higher incidence angles. The 

discrepancy between the measurements and the modified 

RTM for vh-polarization at low incidence angles, especially 

20º and 30º, may be from the fact that the RTM inherently 

does not include the shape and location of the full-grown 

leaves.  

The modified RTM is also compared with the COSMO-

SkyMed data at the X-band, which were acquired from a bean 

field in Suwon, Korea, at 40º for hh-polarization during the bean 

growth cycle from July to October 2010. The ground-truth data 

were also collected in situ during the period for about two doz-

ens of input parameters of the RTM. The LAIs of the bean 

fields were 0.73, 2.42, 3.21, 3.36, and 4.54 for 22, 37, 53, 70, and 

86 days after planting, respectively. Fig. 4 shows the comparison 

between the COSMO-SkyMed data and the modified RTM 

for the bean field in a growing season. In this comparison, we 

used a curve factor of 0.5 for leaves and a curve factor of 0.7 

for branches and stems, which are lower than the factors at the 

C-band, because the RCS reduction increases as frequency 

increases.  

There are no changes in the multiple and rough factors: i.e., a 

multiple factor of 1.0 for hh-polarization and a rough factor of 

0.7 for the small-roughness effect. 
 

Fig. 4. Comparison between COSMO-SkyMed data and modified 

RTM for a bean field for X-band hh-polarized backscatter-

ing coefficients at various days after planting. 
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IV. CONCLUDING REMARKS 

First, a modified RTM was formulated for estimating the 

backscattering coefficients of one-layered vegetation fields, and 

the model was modified on the basis of the HPS measurements 

and in situ measured ground-truth data for typical agricultural 

canopies. The modified RTM was multiplied by two multipli-

cative factors: (1) one is the curvature factor for the curvature 

effect of leaves and branches (or stems) for all polarizations and 

(2) the other is the multiple-scattering factor for the cross-

polarized backscattering because the cross-polarized backscat-

tering coefficient is very sensitive to the higher-order multiple 

scattering. In addition to the aforementioned two multiplicative 

parameters, the small-roughness parameter for microwave re-

flection from the underlying soil surface was also introduced.  
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I. INTRODUCTION 

The wind power market has grown rapidly over the past 

decade. Although wind power is a well-known eco-friendly 

energy source, the associated operating and maintenance 

costs are high [1]. In particular, wind turbines are expensive 

to maintain because they require expensive cranes to lift the 

equipment [1]. In general, predictive maintenance (PdM) 

and condition-based maintenance (CBM) are required to 

minimize the downtime of wind turbines due to mainte-

nance [1]. To realize the PdM and CBM, a condition mon-

itoring system is often required. For wind turbines, the main 

failures can be found in the gearboxes, bearings, generators, 

rotors, blades, and pitch control systems [1, 2]. Among 

these failures, rotor imbalance can be caused by damage ac-

cumulated on the rotor blades or by the accumulation of 

uneven ice, dust, and moisture [2]. Regarding direct-drive 

wind turbines, analyzing the current output of the generator 

can detect rotor imbalance [1]. This is because a direct-drive 

wind turbine can directly affect the output current of the 

rotor. From previous studies, power spectral density analysis, 

bicoherence analysis, time-frequency analysis, amplitude 

demodulation, and data mining have been used for the im-

balance fault detection of wind turbines [3]. It is clear that 

data can be obtained when a sensor is installed on the rotor 

axis [4]; however, sensor installation remains a very difficult 

task [1]. It is expected that if the rotational motion of the 

blade can be directly observed, many shortcomings of the 

existing methods can be overcome. However, since the wind 

turbine blade is a large structure of several tens of meters, it 

is complex to accurately observe the rotational motion of the 

blade. In the past decade, radars have been used in many 

studies to measure wind turbines. Laboratory measurements 

of spectrograms for wind turbine scale models were reported 
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in 2010 and 2013 [5–8]. From 2015 to 2017, studies have 

been conducted to directly measure the industrial wind tur-

bine to obtain the spectrogram [9–11]. Many studies have 

examined the performance of structural health monitoring 

of wind blades using noncontact sensors. Many types of 

noncontact sensors have been used in structural health mon-

itoring, including infrared thermography, laser sensors, and 

microwaves [12]. The requirement for many of these sen-

sors is that the target rotors are stationary or only move 

slowly during the measurements. In particular, the radar-

based method has shown good performance. Since this 

method requires a wide bandwidth, the system is expensive; 

thus, more affordable methods require exploration. It is im-

portant to note from these studies that Doppler radar can be 

used to construct a system to observe the entire blade of an 

industrial wind turbine at very low costs [10]. Also, it was 

commonly reported that a unique flash component can be 

found in the spectrogram of a rotating wind blade [9–11]. 

The occurrence of the flash component is the most evident 

characteristic of a wind blade and is closely related to its 

motion state [9–11]. In this study, we propose a method for 

detecting the imbalance of the wind turbine blade with the 

spectrogram obtained using Doppler radar. We describe the 

phenomenon that occurs when a wind-turbine blade rotates 

at an unbalanced speed. Then, we explain the effect of this 

phenomenon on the obtained spectrogram. Also, we intro-

duce an algorithm that can detect the imbalance using these 

characteristics. Finally, the proposed method is verified us-

ing both synthetic and numerical data. 

 II. PROPOSED METHOD  

1. Derivation of the Algorithm  

Wind turbine blades are normally large structures of sev-

eral tens of meters and are affected by gravity during rota-

tion. The mass balance between the three blades of a wind 

turbine is critical for the blades to rotate stably under gravity. 

Fig. 1 illustrates a situation in which the mass balance of 

blades is violated [3, 13]. 

In Fig. 1, it is assumed that the mass of each blade is M, 

except that one blade has an additional mass of m. Any 

slight differences between the masses of the three blades are 

neglected. When mass M is removed from each blade, the 

model can be simplified to have only one blade with mass m 

[3]. In the simplified model, the change in angular accelera-

tion during rotation is illustrated in Fig. 2. 

In Fig. 2(a), the maximum acceleration is applied when 

the rotating angle is 0°, while the maximum deceleration is 

applied at 180°. Therefore, the angular acceleration at dif-

ferent blade rotation angles is cosinusoidal function (Fig.  

Fig. 1. Illustrative model of the wind turbine blades with unbal-

anced masses.

 

(a) 

(b) 

Fig. 2. Change in the acceleration of imbalanced blades: (a) the 

simplified model and (b) acceleration. 

 

2(b)). Fig. 2(a) is referred to as a mass model in related stud-

ies [3, 14]. From Eq. (9) of [14], the angular acceleration is 

derived below: 
 𝑎(𝑡) = 𝑧 𝑐𝑜𝑠(2𝜋𝑋𝑡), (1)
 

 

where X is the revolution per second (rps) of the rotor, t is the 

time sample, and z is a variable that determines the amount of 

change in acceleration. z is proportional to the additional mass. 

The rotational speed of the wind blade, which is changed by 

the acceleration of Eq. (1), can be obtained as 
 Ω(𝑡) = 2𝜋𝑋 + 𝑧 𝑐𝑜𝑠(2𝜋𝑋𝑡) 𝑑𝑡 = 2𝜋𝑋 + 𝑧 𝑠𝑖𝑛(2𝜋𝑋𝑡)2𝜋𝑋 (2)
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Adding the base rotational speed 2πX to Eq. (2) and in-

tegrating it regarding t, we can obtain the rotation angle of 

the wind turbine blade regarding time as 

 𝜃(𝑡) = 2𝜋𝑋 + 𝑧 𝑠𝑖𝑛(2𝜋𝑋𝑡)2𝜋𝑋 𝑑𝑡= 2𝜋𝑋𝑡 − 𝑧 𝑐𝑜𝑠(2𝜋𝑋𝑡)4𝜋 𝑋  (3)
 

Eq. (4) can be obtained by removing the term 2𝜋𝑋𝑡 

from Eq. (3). 

 𝜃(𝑡) − 2𝜋𝑋𝑡 = − 𝑧 𝑐𝑜𝑠(2𝜋𝑋𝑡)4𝜋 𝑋  (4)
 

The Fourier transform is applied to the left side of Eq. 

(4), and we can obtain 

 Θ(𝑋 ) = −  ( ) 𝑒𝑥𝑝(−𝑗2𝜋𝑋 𝑡)// 𝑑𝑡 =−  ( ) ( ) =          ( ) + ( )
           (5)

 

In Eq. (5), X is always positive, and thus, Eq. (5) can be 

simplified to 

 Θ(𝑋 ) = 𝑧2 𝑠𝑖𝑛𝑐(𝜋𝑋𝑇 − 𝜋𝑇𝑋 )4𝜋 𝑋  
(6)

where Θ(𝑋 ) reaches its maximum value when 𝑋 = 𝑋, 

and z is always positive. By substituting 𝑋 = 𝑋 into Eq. 

(6), we obtain 

 𝑧 = 8𝜋 𝑋 Θ(𝑋) (7)
 

 

2. Parameter Estimation Algorithm 

From Eqs. (3) to (7), z and X in Eq. (1) can be estimated 

from 𝜃(𝑡) in Eq. (3), and 𝜃(𝑡) can be obtained from the 

spectrogram. Fig. 3 shows the relationship between the ro-

tation angle and the spectrogram of a rotating wind blade. 

In Fig. 3(b), a flash occurs in the positive Doppler direc-

tion whenever the blade passes the 0° point. Regarding the 

three blades, the angle between each blade is 120° and, 

therefore, the rotation angle between each flash is 120°. 
The time sample in which the n-th flash occurs is substi-

tuted into 𝑡 , and the rotation angle corresponding to the 

n-th flash is calculated using  
 𝜃(𝑡 ) = 2𝜋3 𝑛, (8)

 

 

(a) 

(b) 

Fig. 3. Relationship between the rotation angle and the spectro-

gram of a rotating wind blade: (a) the geometry of the ro-

tating rotor blade and radar and (b) the spectrogram of a 

rotating rotor blade. 

where 𝑛 = 1, 2, ⋯ , 𝑁, and N is the number of flashes on 

the positive Doppler direction of the spectrogram. 

From Eq. (8), we obtain 𝑋 and 𝑏 that satisfy the condi-

tion given by 

𝑋 = min, 𝜃(𝑡 ) − (2𝜋𝑋𝑡 + 𝑏) , 
(9)

where b is the initial rotation angle, 𝑋 can be obtained by 

the least square solution according to [15], as given by 
 �⃗� = 2𝜋𝑋𝑏 = (�̅� �̅�) �̅� �⃗�, (10)
 

where �⃗� = 𝜃(𝑡 ) ∈ ℝ  and �̅� = 𝑡 1 ∈ ℝ × . For �⃗�, the primary and direct current components obtained in 

Eq. (10) are removed and the frequency spectrum is ob-

tained using  Θ 𝑋 = 𝐷 �⃗� − �̅��⃗� , (11)
 

where 𝐷 = 𝑒𝑥𝑝 −𝑗2𝜋𝑋 𝑡 ∈ ℂ  and Θ⃗ = Θ 𝑋 ∈ℝ , J is the number of samples on the frequency axis, and 𝑋 = 1.5(𝑗 − 1) . From Eq. (11), the element with the 

maximum value is located at 𝑋, and its value is equal to  
 Θ 𝑋 = max Θ⃗ (12)



JOURNAL OF ELECTROMAGNETIC ENGINEERING AND SCIENCE, VOL. 21, NO. 2, APR. 2021 

114 
   

  

 

Substituting Θ 𝑋  into Eq. (7), and z can be estimated by  𝑧 = 8𝜋 𝑋 Θ 𝑋 (13)

 

3. Flash Extraction from Spectrogram 

The proposed method can accurately extract the interval 

between two flashes that appear in the spectrogram. The 

signal vector of the dynamic radar cross-section can be ob-

tained by 𝑠 = 𝑠 ∈ ℂ . The spectrogram 𝑆 = 𝑆 , ∈ℝ ×  can be obtained by performing a short-time Fourier 

transform on 𝑠 [16], where Q is the number of Doppler 

frequency samples and P is the number of time samples. 

The spectrogram can be converted to a one-dimensional 

vector using 

𝑈 = 𝑆 , 𝐹 , 
(14)

 

where 𝐹  is the q-th sample of the Doppler frequency and �⃗� = 𝑈 ∈ ℝ  is the vector of one-dimensional signals 

obtained from Eq. (14). Fig. 4 shows the one-dimensional 

graph obtained by substituting the spectrogram of Fig. 3(b) 

into Eq. (14). 

 

(a) 

(b) 

Fig. 4. One-dimensional graph: (a) example of the one-

dimensional graph and (b) the graph after applying 

threshold. 

The location of the flash in the spectrogram in Fig. 3(b) 

is the same as the peak location in the one-dimensional 

graph in Fig. 4(a). A threshold is applied to remove un-

wanted components by  

 𝑈 = 𝑈 𝑜𝑡ℎ𝑒𝑟𝑠0 𝑈 𝐵 (15)
 

where 𝑝 = 1,2, ⋯ 𝑃, 𝑚 = 1 is the iteration index, and 𝐵 

is the threshold value. In this study, we use 𝐵 =  and 𝑈 = max �⃗�. 

The peak is removed using the following procedure: 

Step 1. Defining a vector 𝑈 ⃗ = 𝑈 ∈ ℝ  using 𝑈 , and 

initializing it from 𝑚 = 1; 

Step 2. Using Eq. (16) to find 𝑝 that makes 𝑈 ⃗ the larg-

est; 

Step 3. Removing the extracted component from 𝑈 ⃗ using 

Eq. (17); 

Step 4. Updating with 𝑚 = 𝑚 + 1; 

Step 5. Repeating Steps 2–4 until there is no component to 

extract; 

Step 6. Sorting 𝐾 = 𝐾 ∈ ℝ  in ascending order. 𝐾 =𝐾 ∈ ℝ  is the vector of time index, where 𝑝 =1,2, ⋯ 𝑃, and 𝑝 is the index assigned to the ele-

ment while sorting 𝐾. By substituting 𝑛 = 𝐾  into 

Eq. (8), we obtain 𝑡 = 𝑡 𝐾  and 𝜃(𝑡 ). 
 𝐾 = max 𝑈 ⃗ (16)

𝑈 = 𝑈 𝑜𝑡ℎ𝑒𝑟𝑠0 𝑝 𝑝 𝑝  
(17)

𝑝 = 𝐾 − 2𝑊 , 𝑜𝑡ℎ𝑒𝑟𝑠1 (𝐾 − 2𝑊) 1 
(18)𝑝 = 𝐾 + 2𝑊 , 𝑜𝑡ℎ𝑒𝑟𝑠𝑃 (𝐾 + 2𝑊) 𝑃 (19)

 

where 𝑊 is the number of time samples corresponding to 

the width of the flash in the spectrogram. 

III. SIMULATION 

1. Synthetic Data 

Assuming that the radar observes the wind turbine from 

the side, the point scatter model of a rotor with three blades 

can be simply expressed as in [17]: 

s = 𝑠𝑖𝑛𝑐(Φ (𝑝)) 𝑒𝑥𝑝 𝑗Φ (𝑝)  
(20)
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where Φ (𝑝) is given in [17] as 

 Φ (𝑝) = 4𝜋𝑓𝑐 𝐿2 𝑐𝑜𝑠 Ω𝑡 + 𝑘𝜋 23 + 𝜋2 , (21)

 

where Ω𝑡  is the rotational angle at 𝑡 . In our problem, 

the rotational speed, Ω, changes over time. Thus, 𝜃(𝑡) 

should be used instead of Ω𝑡 . 𝜃(𝑡) is given by Eq. (3). Eq. 

(22) can be obtained by substituting 𝜃(𝑡) into Eq. (21). 
 Φ (𝑝) = 4𝜋𝑓𝑐 𝐿2 𝑐𝑜𝑠 𝑘𝜋 23 + 𝜋2 + 2𝜋𝑋𝑡 − 𝑧 𝑐𝑜𝑠 2𝜋𝑋𝑡4𝜋 𝑋 , (22)

 

where L is the radius of the rotor, f is the radar transmission 

frequency, and c is the speed of light in the free space. Table 

1 lists the parameters for the simulation in this study. Fig. 

3(a) shows the geometry of the simulation. 

In Table 1, 𝑓  is a sampling frequency. Fig. 5 shows the 

frequency spectrum Θ 𝑋  calculated by applying the pro-

posed algorithm to the composite data using the parameters 

listed in Table 1. As illustrated in Fig. 5, the peak occurs at 

0.28 rps in the rotation period of the wind blade. As z in-

creases, higher peaks occur at the corresponding positions, 

and therefore, it is possible to determine the degree of wind 

turbine imbalance by checking the peaks. In Fig. 5, the peak 

value can be substituted into Eq. (7) to calculate z, and the  

 

Table 1. Parameters of the synthetic simulation 

Parameter Value 𝐿 11 m 𝑋 0.28 rps 𝑓 1 GHz 𝑓  1,200 sps 𝑃 144,000 𝑡  120 s 

 

 

Fig. 5. Frequency spectrum for different z (rad/sec2) values (X = 

0.28 rps). 

results are as listed in Table 2. 

It can be summarized in Table 2 that the estimated z 

shows an error below 2%, compared to the actual z. Howev-

er, for z = 0.01, where the amplitude of the acceleration is 

small, the error exceeds 4%. z = 0.01 is the limit of the z 

value that can be extracted under the conditions of Table 1. 

By increasing the sampling frequency and observation time, 

the precision of the observation value can be improved. 

Fig. 6 illustrates the frequency spectrum when the condi-

tion is changed to X = 0.2 rps.  

As illustrated in Fig. 6, the peak occurs at 0.2 rps in the 

rotation cycle of the wind blade. However, 𝛩 𝑋  for dif-

ferent z values is found to differ from that in Fig. 5. Table 3 

summarizes the z values calculated by substituting the peak 

value obtained in Fig. 6 into Eq. (7).  
 

Table 2. Estimated parameters of the synthetic simulation (X = 

0.28 rps) 

True z 

(rad/sec2)

Estimated z  

(rad/sec2) 

Relative error for z 

(%)

0.01 0.0096 4.43

0.05 0.0504 0.84

0.1 0.1007 0.73

0.2 0.2022 1.11

0.3 0.3046 1.54

 

Fig. 6. Frequency spectrum for different z (rad/sec2) values (X = 

0.2 rps). 
 

Table 3. Estimated parameters of the synthetic simulation (X = 

0.2 rps) 

True z 

(rad/sec2) 

Estimated z  

(rad/sec2) 

Relative error for z 

(%) 

0.01 0.0110 10.28

0.05 0.0507 1.43

0.1 0.1005 0.45

0.2 0.2039 1.97

0.3 0.3054 1.79
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From Table 3, the estimated z also shows an error below 

2%, compared to the actual z. However, for z = 0.01, where 

the amplitude of the acceleration is small, the error exceeds 

10%. 

 

2. Numerical Data 

The numerical data are calculated using the physical op-

tics method by reflecting the rotational speed obtained using 

Eq. (2) [18]. Table 4 illustrates the parameters used for the 

simulation. Doppler radar used a continuous wave and a 

horizontal polarization. The material of wind turbine was 

considered a perfect electric conductor. 

Fig. 7 illustrates the spectrogram of the numerical data. 

At signal-to-noise ratio (SNR) of 5 dB, there is almost no 

flash in the negative Doppler direction. This is because the 

front part of the round shape in the airfoil of the wing has a 

larger radar cross section (RCS) than the rear part of the 

pointed shape. Moreover, despite the change in z values, the 

change in the spectrogram is insignificant in both pictures. 

Therefore, it is not possible to obtain the change in z from 

the images. Fig. 8 illustrates the results of calculating the 
 

Table 4. Parameters of the numerical simulation 

Parameter Value 𝐿 1 m 𝑋 0.25 rps 𝑓 24 GHz 𝑓  600 sps 𝑃 36,000 𝑡  60 s 

 

(a) 

(b) 

Fig. 7. Spectrogram obtained from the numerical data with SNR = 

5 dB: (a) z = 0.1 rad/sec2 and (b) z = 0.3 rad/sec2.

 

Fig. 8. Frequency spectrum for different z (rad/sec2) values with 

SNR = 5 dB. 

 

Table 5. Estimated parameters of the numerical simulation with X 

= 0.25 rps and SNR = 5 dB 

True z 

(rad/sec2)

Estimated z  

(rad/sec2) 

Relative error for z 

(%)

0.1 0.1028 2.8

0.2 0.1961 1.95

0.3 0.2883 3.9

 
frequency spectrum by applying the proposed method to the 

images in Fig. 7. Table 5 shows the z extracted by the pro-

posed method and their relative errors. From Table 5, the 

estimated z shows an error below 4% compared to the ac-

tual z. 

We used the additive Gaussian noise to represent a noisy 

signal. In this paper, SNR is defined based on the signal 

power excluding DC components. Fig. 9 shows the relative 

error of the proposed method calculated by 5,000 times 

Monte-Carlo simulation. The relative error is given by: 
 RE = |𝑆 − 𝑁|𝑆 × 100 (%), (23)

 

 
 

Fig. 9. Relative error of the proposed method calculated by 5,000 

times Monte-Carlo simulation; z = 0.3 (rad/sec2). 
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where S is the signal power, and N is the noise power. Fig. 

10 shows the error of z estimated by the proposed method 

in a frequency range from 1 GHz to 24 GHz. 

In Fig. 10, it is shown that the errors of z estimated by 

the proposed method are almost the same, from 1 GHz to 

24 GHz. These results suggest that the proposed method 

has equal performance regardless of frequency. 

IV. DISCUSSION AND CONCLUSION 

In this study, we proposed a method to detect the imbal-

ance of the rotational speed and the rotational acceleration 

of wind turbines using the Doppler radar. The proposed 

method can accurately estimate the rotational speed of the 

wind turbine and the acceleration amplitude on the blade 

with an error within 2%. Therefore, it is possible to detect 

the rotational speed imbalance of the wind turbine blade 

from the acceleration value of the blade. However, when z = 

0.01, the error was found to increase significantly. This 

study primarily presented a method that can detect the im-

balance of rotational speed using Doppler radar outside the 

wind turbine. While most sensors that determine the state 

of motion of a wind turbine acquire data from the blade 

rotation axis, Doppler radar can obtain data by directly ob-

serving the blade motion. Thus, the Doppler radar can pro-

vide a simpler way of obtaining data compared to the exist-

ing sensors. It is suggested that adding a Doppler radar to 

the existing condition monitoring system to observe the 

blades of a wind turbine is useful for diagnosing faults in the 

wind turbine. 

Although the performance of the proposed method has 

been verified through simulation, there is a problem in prac-

tice that requires consideration. The power received by rain-

fall clutter is proportional to the square of the frequency. It 

is known that, in a high-frequency system such as a 24-

GHz Doppler radar, weather clutter—rainfall or fog—can 

cause serious performance degradation. This problem can be 

avoided using a low-frequency system—L-band; however, 

low-frequency radar systems are more expensive than high 

frequency radar systems. Therefore, it is necessary to deter-

mine the optimum operating frequency by considering per-

formance, economics, and portability. 

When the rotor rotation speed is measured using a Dop-

pler radar, the change in angular speed due to the imbalance 

of the rotor rotation speed is too small to determine the 

wind turbine failure. However, the change in the rotor rota-

tion speed has a periodic pattern, which can be expressed as 

sinusoidal. Finally, the sinusoidal wave can be extracted us-

ing a Fourier transform. Using this principle, it is possible to 

estimate accurately the imbalance of the rotor rotation speed. 
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I. INTRODUCTION 

 A coaxial waveguide is a fundamental transmission line to sta-

bly guide a light for optoelectronics [1–3] or precisely measure 

the reflection coefficient and impedance up to millimeter-wave 

bands [4, 5]. Accurate evaluation of wave propagation through a 

practical coaxial waveguide is essential for quantifying meas-

urement uncertainty occurring in microwave transmission [5]. 

Even in the visible spectrum, a nanocoax [3] is one of the prom-

ising structures for low-loss propagation composed of plasmonic 

and photonic modes, where the permittivity can be negative or 

complex to model real metals at optical frequency. 

Since a practical coaxial line is inherently lossy owing to finite 

electrical conductivity, the TM wave (𝐸 ≠ 0, 𝐻 = 0) instead 

of the TEM wave (𝐸 = 0, 𝐻 = 0) propagates and is gradual-

ly decreased in the 𝑧-direction. This behavior makes the disper-

sion analysis of the lossy coaxial waveguide more involved. 

Therefore, it is of great importance to derive and formulate an 

exact and rigorous dispersion relation of the lossy coaxial wave-

guide, which can be modeled as a multilayered dielectric coaxial 

waveguide [1, 6–8]. A dielectric coaxial waveguide was analyzed 

using the boundary conditions of an open region [6] and an 

infinitely lossy outer conductor [7, 8]. In the following sections, 

we apply a standard mode-matching technique [9] for analyzing 

a dielectric coaxial waveguide surrounded by the perfect electric 

conductor (PEC) boundary. A newly-derived rigorous disper-

sion relation is used to determine precise complex propagation 

constants for the hybrid, TM, and TE modes in microwave and 

optical spectra, where we use Davidenko’s method [10, 11] for 

searching complex roots. 

Using the conductor condition or high permittivity approxi-

mation, we obtained simplified but accurate dispersion equa-

tions useful for characterizing the transmission behaviors of the 

lossy coaxial waveguide. This means that our rigorous dispersion 

equations can be utilized to generate the field distributions for 

the TM0p, TE0p, EHmp, and HEmp modes and formulate the 
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scattering characteristics of canonical coaxial structures used in a 

coaxial calibration kit [5]. The quasi-TEM mode also yields a 

closed-form approximate solution for the TM01-mode complex 

propagation constant, which becomes identical to the propaga-

tion constant [5, 7] in the high electrical conductivity limit. 

II. MODE-MATCHING ANALYSIS 

A lossy coaxial waveguide can be modeled using a multi-

layered dielectric coaxial waveguide [1, 6–8] as shown in Fig. 

1, where the medium constants—𝜖 , 𝜖 , 𝜖  and 𝜇 , 𝜇 , 𝜇 —

can be any complex number. We use and omit 𝑒 ( ) for 

the time convention, where 𝛽  is a complex propagation 

constant composed of phase (ℜ 𝛽 ) and attenuation (ℑ 𝛽 ) 

constants. The interesting point of the geometry shown in 

Fig. 1 is that a dielectric coaxial waveguide [1, 6–8] shown in 

Fig. 2 is entirely surrounded by the PEC boundary. It is 

known that unwanted multiple leaky modes [11] are inevita-

bly generated in open magnetodielectric waveguides includ-

ing dielectric coaxial structures [1, 6] with an open boundary 

as shown in Fig. 2. The existence of leaky phenomena caused 

by the open boundary makes a dispersion analysis of the die-

lectric coaxial waveguide much more involved. For instance, 

the dielectric coaxial waveguide shown in Fig. 2 should satis-

fy a leaky dispersion relation in an open region as 
 𝑘 = 𝜅 + 𝛽 ,  (1)

 

where 𝑘  =  𝜔 𝜇 𝜖 , and 𝜅  is a leaky wavenumber for a 

radial direction 𝜌 =  𝑥 + 𝑦 . Equating the imaginary 

parts of the left and right sides of Eq. (1) yields a leaky-wave 

relation for 𝜅  and 𝛽 as 
 ℜ 𝜅 ℑ 𝜅 = −ℜ 𝛽 ℑ 𝛽 ,  (2)

 

 
Fig. 2. The geometry of a three-layered dielectric coaxial waveguide 

placed in free space or with an open boundary. 
 

where the phase term of a guided wave is 𝑒 . Eq. (2) 

indicates that the radial and longitudinal radiation conditions 

of 𝜅  and 𝛽 cannot be satisfied at the same time, owing to 

the fact that the signs of the real or imaginary parts of 𝜅  

and 𝛽 are always different from each other. Contrary to the 

geometry shown in Fig. 2, the PEC boundary and lossy re-

gion (III) introduced in Fig. 1 enable us to block the leaky 

modes completely and model the conductor loss precisely. 

This is because the PEC boundary at 𝜌 = 𝑏 + 𝑑 is imposed 

and 𝜖  can be complex, thus confirming there are no leaky 

modes and the waves are evanescent in region (III). There-

fore, the field representations for regions (I) through (III) as 

shown in Fig. 1 are formulated using magnetic and electric 

vector potentials [9]: 

𝐴 (�̅�) = 𝐴 𝐽 (𝜅 𝜌)𝑒 , 
(3)𝐴 (�̅�) = 𝐸( )𝐽 (𝜅 𝜌) + 𝐸( )𝑁 (𝜅 𝜌) 𝑒 , 
(4)

𝐴 (�̅�) = 𝐺 𝐶 (𝜅 𝜌)𝑒 , 
(5)

𝐹 (�̅�) = 𝐵 𝐽 (𝜅 𝜌)𝑒 , 
(6)𝐹 (�̅�) = 𝐹( )𝐽 (𝜅 𝜌) + 𝐹( )𝑁 (𝜅 𝜌) 𝑒 , 
(7)

𝐹 (�̅�) = 𝐻 𝐷 (𝜅 𝜌)𝑒 , 
(8)

 

where 𝐴 , 𝐵 , 𝐸( ),( ), 𝐹( ),( ), 𝐺 , and 𝐻  are the un-

known modal coefficients for the 𝑚th azimuthal mode, 𝜌 =𝑥 + 𝑦 , 𝜙 = tan (𝑦 𝑥⁄ ) , 𝜅 = 𝑘 − 𝛽 , 𝑘 =𝜔 𝜇 𝜖 , 

 

Fig. 1. Modeling of a lossy coaxial waveguide using a multilayered 

dielectric coaxial waveguide surrounded by the perfect 

electric conductor (PEC) boundary. 
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𝐶 (𝜓) = 𝐽 (𝜓)𝑁 𝜅 (𝑏 + 𝑑)  −𝑁 (𝜓)𝐽 𝜅 (𝑏 + 𝑑) , (9)𝐷 (𝜓) = 𝐽 (𝜓)𝑁 𝜅 (𝑏 + 𝑑)  −𝑁 (𝜓)𝐽 𝜅 (𝑏 + 𝑑) , (10)
 

and (∙)′  denotes differentiation for the entire argument; 𝐽 (∙) and 𝑁 (∙) are the 𝑚th order Bessel functions of the 

first and second kinds, respectively. Based on the standard 

mode-matching analysis [9], we enforce 𝐸 -, 𝐸 -, 𝐻 -, and 𝐻 -field continuities at 𝜌 = 𝑎  and 𝑏  for the 𝑚 th azi-

muthal mode. First, by multiplying the 𝐸 - and 𝐻 -field 

continuities at 𝜌 = 𝑎 by 𝑒  (𝑙 = 0, ±1, ±2, ⋯) and in-

tegrating over 0 ≤ 𝜙 ≤ 2𝜋 yields, respectively, we get: 

 𝐴 𝐽 (𝑢 ) = 𝜇 𝜖 𝜅𝜇 𝜖 𝜅 𝜀 (𝑢 ), 
(11)𝐵 𝐽 (𝑢 ) = 𝜇 𝜖 𝜅𝜇 𝜖 𝜅 𝜑 (𝑢 ), 
(12)

 

where 𝑢 = 𝜅 𝑎, 

𝜀 (𝑢) = 𝐸( )𝐽 (𝑢) + 𝐸( )𝑁 (𝑢), (13)

𝜑 (𝑢) = 𝐹( )𝐽 (𝑢) + 𝐹( )𝑁 (𝑢). (14)

 

Next, we apply and integrate the 𝐸 - and the 𝐻 -field 

continuities at 𝜌 = 𝑎 with 𝑒  to obtain the additional 

field-matching equations, respectively: 

 𝐴 𝐽 (𝑢 ) − 𝑢 𝐵 𝐽 (𝑢 ) = 𝜖𝜖 𝑖𝑚𝑍 𝜀 (𝑢 ) − 𝑢 𝜑 (𝑢 )  , (15)𝑢 𝐴 𝐽 (𝑢 ) + 𝐵 𝐽 (𝑢 ) = 𝜇𝜇 𝑢 𝜀 (𝑢 ) + 𝑖𝑚𝑌 𝜑 (𝑢 )  , 
(16)

 

where 𝑍 = 𝜔𝜇 𝛽 , 𝑌 = 𝜔𝜖 𝛽 , 𝜀 (𝑢) = 𝜀 (𝑢), 

and 𝜑 (𝑢) = 𝜑 (𝑢). Similar to Eq. (11), in Eqs. (12),  

(15), and (16), we utilize the tangential boundary conditions 

for the 𝐸 -, 𝐸 -, 𝐻 -, and 𝐻 -fields at 𝜌 = 𝑏. Then, we 

formulate the modal relations of 𝐸( ),( ), 𝐹( ),( ), 𝐺  and 𝐻  as 𝐺 𝐶 (𝑣 ) = 𝜇 𝜖 𝜅𝜇 𝜖 𝜅 𝜀 (𝑣 ), 
(17)

 𝐻 𝐷 (𝑣 ) = 𝜇 𝜖 𝜅𝜇 𝜖 𝜅 𝜑 (𝑣 ), 
(18)

𝐺 𝐶 (𝑣 ) − 𝑣 𝐻 𝐷 (𝑣 ) =𝜖𝜖 𝑖𝑚𝑍 𝜀 (𝑣 ) − 𝑣 𝜑 (𝑣 ) , 
(19)𝑣 𝐺 𝐶 (𝑣 ) + 𝐻 𝐷 (𝑣 ) =𝜇𝜇 𝑣 𝜀 (𝑣 ) + 𝑖𝑚𝑌 𝜑 (𝑣 ) , 
(20)

 

where 𝑣 = 𝜅 𝑏. Combining and simplifying Eqs. (11), (12), 

and (15)–(20), we obtained the 𝑚th hybrid-mode dispersion 

relation as |𝚽 (𝛽)| = 0 , (21)
 

where |𝐀| is the determinant of a matrix 𝐀 and a system of  

simultaneous equations for 𝐸( ),( ), 𝐹( ),( )
 is given by: 

 𝚽 (𝛽)𝐄 = 
⎣⎢⎢
⎢⎢⎡𝜙( ) 𝜙( ) 𝜙( ) 𝜙( )𝜙( ) 𝜙( ) 𝜙( ) 𝜙( )𝜙( )𝜙( ) 𝜙( )𝜙( ) 𝜙( )𝜙( ) 𝜙( )𝜙( )⎦⎥⎥

⎥⎥⎤ ⎣⎢⎢
⎢⎡𝐸( )𝐸( )𝐹( )𝐹( )⎦⎥⎥

⎥⎤ = 0 . 

(22)
 

The elements of 𝚽 (𝛽) are defined by: 
 𝜙( ) = 𝑖𝑚 𝑢 − 𝑢(𝑢 𝑢 ) 𝑍( )(𝑢 ), 

(23)

𝜙( ) = 𝑍 𝑍( ) (𝑢 )𝑢 − 𝑍 𝐽 (𝑢 )𝐽 (𝑢 ) 𝑍( )(𝑢 )𝑢 , 
(24)

𝜙( ) = 𝑌 𝐽 (𝑢 )𝐽 (𝑢 ) 𝑍( )(𝑢 )𝑢 − 𝑌 𝑍( ) (𝑢 )𝑢 , 
(25)

𝜙( ) = 𝑖𝑚 𝑣 − 𝑣(𝑣 𝑣 ) 𝑍( )(𝑣 ) , 
(26)

𝜙( ) = 𝑍 𝑍( ) (𝑣 )𝑣 − 𝑍 𝐷 (𝑣 )𝐷 (𝑣 ) 𝑍( )(𝑣 )𝑣 , 
(27)

𝜙( ) = 𝑌 𝐶 (𝑣 )𝐶 (𝑣 ) 𝑍( )(𝑣 )𝑣 − 𝑌 𝑍( ) (𝑣 )𝑣 , 
(28)

where 
 𝑍( )(𝑢) = 𝐽 (𝑢) if 𝑛 = 1𝑁 (𝑢) if 𝑛 = 2 . (29)

 

Therefore, a complex propagation constant 𝛽 can be de-

termined by solving Eq. (21). When 𝑚 = 0, the hybrid-

mode dispersion relation shown in Eq. (21) can be divided 

into 
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𝜙( )𝜙( ) − 𝜙( )𝜙( ) × 𝜙( )𝜙( ) − 𝜙( )𝜙( )
  

= 0 . (30)

Eq. (30) clearly proves that the TM and TE modes exist for 𝑚 = 0, although the coaxial waveguide is filled with lossy 

dielectrics. Since Eq. (21) is applicable to a general coaxial 

waveguide of any 𝜇  and 𝜖 , we can use Eq. (21) to analyze 

canonical waveguides, including the PEC circular and coaxial 

waveguides. For instance, when 𝜇 = 𝜇  and 𝜖 = 𝜖 , the 

geometry shown in Fig. 1 becomes a PEC circular waveguide 

with a radius of 𝑏 + 𝑑, and Eq. (21) is thus simplified to 
 𝜙( ) × 𝜙( ) = 0. 

(31)
 

Similarly, when 𝜇 = 𝜇 , 𝜖 → ∞, and 𝜖 = 𝜖 , the ge-

ometry in Fig. 1 is considered a PEC coaxial waveguide. 

Then, the dispersion equation in Eq. (21) reduces to that of 

a PEC coaxial waveguide as 
 𝜙( )𝜙( ) − 𝜙( )𝜙( ) × 𝜙( )𝜙( ) − 𝜙( )𝜙( )

  = 0. (32)

 

III. NUMERICAL COMPUTATIONS 

We used Davidenko’s method [10, 11] to search a complex 

root 𝛽 by equating |𝚽 (𝛽)| = 0 as shown in Eq. (21). Da-

videnko’s method in [11] uses the fourth-order Runge–Kutta 

method and the Newton–Raphson method in the complex 

domain, which is suitable for searching the complex propa-

gation constant 𝛽. An iterative update equation for the next 

approximate solution 𝛽  is given by 
 𝛽 = 𝛽 + ∆𝛽 , (33)
 

where 𝛽  is the current approximate value for 𝛽  and ∆𝛽  is defined in [11, Eq. (10)]. The next differential step ∆𝛽  is computed using 𝛽 , ∆𝛽 , and ℎ, where 𝛽  and ∆𝛽  are the initial value and step for root searching, respec-

tively, and ℎ is a fixed step of the Runge–Kutta method. As 𝑛 increases very steeply, 𝛽  stably converges to 𝛽 [10, 11].  

We set ℎ  = 1 and ∆𝛽  =  𝛽 100  for all root-searching 

computations. 

The TM01-mode dispersion results of the lossy coaxial 

waveguide are shown in Fig. 3 using 𝑚 = 0 and 𝑓 = 100 

GHz, where the TM01 mode (𝑚 = 0) is a dominant quasi-

TEM mode. We assume that regions (I) and (III) are filled 

with lossy conductors using 𝜖 = 𝜖 = 𝜖 1 + 𝑖 , where 𝜎 denotes the electrical conductivity of a lossy dielectric.  

Using Eq. (30) and the conductor condition ( |𝜖 | ≫ 1 , 

|𝜖 | ≫ 1), we obtain an approximate dispersion relation for 

the TM0p mode as 
 𝑖𝑈 (𝑣 ) − 𝑃 𝑈 (𝑣 ) + 𝑃 𝑉 (𝑣 ) ≈ 0, (34)

 

where 𝑃 = 𝜖 𝜅 𝜖 𝜅 , 
 𝑈 (𝑣) = 𝐽 (𝑢 )𝑁 (𝑣) − 𝑁 (𝑢 )𝐽 (𝑣),

(35)𝑉 (𝑣) = 𝐽 (𝑢 )𝑁 (𝑣) − 𝑁 (𝑢 )𝐽 (𝑣). (36)

 

Note that setting 𝑈 (𝑣 ) and 𝑉 (𝑣 ) equal to zero yields 

(a) 
 

(b) 
 

Fig. 3. Complex dispersion relation versus electrical conductiv-

ity 𝜎 for the TM01 mode in the lossy coaxial wave-

guide using 𝑚 = 0, 𝑓 = 100 GHz, 2𝑎 = 0.434 mm, 2𝑏 = 1 mm, 𝜇 = 𝜇 , 𝜖 = 𝜖 = 𝜖 1 + 𝑖 , and𝜖 = 𝜖 : (a) phase constant ℜ 𝛽  and (b) attenuation 

constant ℑ 𝛽 . 
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the TMmp- and TEmp-mode dispersion relations of an ideal 

coaxial line, respectively, where the subscript 𝑚𝑝  means 

that 𝑚 and 𝑝 are the numbers of field variations in the 𝜙- 

and 𝜌-directions, respectively. This property indicates that 

Eq. (34) is a perturbed but accurate solution for the lossy 

coaxial waveguide when 𝑃  and 𝑃  are very small owing to |𝜖 | ≫ 1 and |𝜖 | ≫ 1. Utilizing 𝛽 ≈  𝑘 , |𝑘 | ≫ |𝛽|, and |𝑘 | ≫ |𝛽|, Eq. (34) can be further simplified to 
 𝜅 ≈ 𝑖𝜖 ( ) ( )( ) ≈ ( ) ( )( ) ( ) , (37)

 

when 𝑢 → 0, 𝑁 (𝑢) and 𝑁 (𝑢) become ln  and , 

respectively. Therefore, an approximate closed-form solution 

for Eq. (37) is finally obtained as 
 𝛽 ≈ 𝑘 1 + +  . 

(38)
 

Note that Eq. (38) is identical to [7, Eq. (37)] even 

though the boundary conditions for the outer conductors are 

different from each other. When 𝜇 = 𝜇  and 𝜎 ≫ 1, Eq. 

(38) becomes a complex propagation constant [5] obtained by 

the transmission line theory and penetration depth 𝛿 . Fig. 3 

clearly indicates that the thickness (𝑑) of an outer conductor 

hardly affects complex dispersion relations for 𝜎 ≥ 10  S/m 

and 𝑑 ≥ 0.2 mm ≈ 4𝛿 , where 𝛿 ≈ 50 μm and 𝜎 = 10  

S/m. A comparison with [8] provides a favorable agreement  

when 𝜎 ≥ 10  S/m. This is because [8] assumes an infinite 

outer conductor (𝑑 → ∞) and the effects of the thick outer 

conductor are negligible for high electrical conductivity, 

where the outer conductor shown in Fig. 1 has finite thick-

ness (𝑑), which differs from [8]. As is also shown in Fig. 3, 

Eqs. (34) and (38) are practically good formulas in lieu of Eq.  

(21) for 𝜎 ≥ 10  S/m. When 𝜎 approaches zero, Eq. (31) 

predicts that 𝛽 becomes that of a PEC circular waveguide 

denoted as ○ in Fig. 3. The insets in Fig. 3 illustrate the 

normalized real and imaginary parts of the 𝐸 -field distributions 

when 𝜎 = 10  S/m and 𝛽 ≈ 2161.77 + 65.96i rad/m. The 

real and imaginary 𝐸 -fields of the TM01 mode are continu-

ous across the boundaries at 𝜌 = 𝑎 and 𝑏, thus verifying 

that Davidenko’s method in Eq. (33) is effective for search-

ing the complex root 𝛽 of a lossy coaxial waveguide. In ad-

dition, the magnitude of the 𝐸 -fields is rapidly attenuated 

within lossy dielectrics in regions (I) and (III), and thus their 

field distributions illustrate the behaviors of the penetration 

depth very well.  

Fig. 4 shows the dispersion behaviors of the TM01, TE01, 

and EH11 modes in the lossy coaxial waveguide versus micro- 

 

wave frequency. The TM01 mode has the lowest attenuation 

when compared with the TE01 and EH11 modes, thus indi-

cating that the TM01 mode is a dominant mode irrespective 

of 𝜎 . Applying Eq. (30) and the conductor condition 

(|𝜖 | ≫ 1, |𝜖 | ≫ 1) yields an approximate dispersion equa-

tion for the TE0p mode as 
 𝑖𝑉 (𝑣 ) + 𝑄 𝑉 (𝑣 ) − 𝑄 𝑈 (𝑣 ) ≈ 0 , (39)
 

where 𝑄 = 𝜇 𝜅 𝜇 𝜅 . Similar to Eqs. (34) and (39), the 

dispersion relation Eq. (21) approximately reduces to 

 𝑖𝑈 (𝑣 ) − 𝑃 𝑈 (𝑣 ) + 𝑃 𝑉 (𝑣 )× 𝑖𝑉 (𝑣 ) + 𝑄 𝑉 (𝑣 ) − 𝑄 𝑈 (𝑣 ) ≈ 0 .
(40)

 
(a) 

 
(b) 

Fig. 4. Microwave behaviors of complex dispersion relations of 
multiple modes in the lossy coaxial waveguide using 𝑚 = 
0 or 1, 𝑑 = 0.4 mm, and the same parameters given in 
the caption of Fig. 3. The coaxial TE11-mode cutoff fre-
quency (𝑓 ) is computed using an ideal coaxial line: (a) 
phase constant ℜ 𝛽  and (b) attenuation constant ℑ 𝛽 .
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When 𝜎 ≥ 10  S/m, the magnitude of 𝜖  and 𝜖  be-

comes very high and thus the TE01- and EH11-mode 𝛽 

computed by Eqs. (39) and (40) agree well with more precise 

solutions obtained by Eqs. (30) and (21), respectively. In Fig. 

4, the attenuation constant (ℑ 𝛽 ) of the EH11 mode rapidly 

decreases above 𝑓 ≈ 135.9 GHz. Therefore, the TM01 and 

EH11 modes coexist and propagate along the lossy coaxial 

waveguide above 𝑓 . Considering Eq. (40), the cutoff fre-

quency (𝑓 ) of the lossy EH11 mode can be approximately 

determined using 𝑉 (𝑣 ) ≈ 0, which is related to 𝑓  of the 

TE11 mode in an ideal coaxial line. The vertical dotted lines 

as shown in Fig. 4 denote 𝑓  of the coaxial TE11 mode. 

Fig. 5 illustrates the dispersion characteristics of the TM01 

and EH11 modes within the visible spectrum. To theoretical-

ly obtain the dispersion relations of the lossy coaxial wave-

guide composed of real metals, we use optical dielectric con-

stants [12] of silver (Ag), copper (Cu), and gold (Au). In the 

visible spectrum, the real part of the metal permittivity is 

usually negative caused by plasma oscillation in the metal. 

Fig. 5 indicates that Eq. (38) is valid within the optical spec-

trum and the cutoff or transition wavelength (𝜆 ) can be ob-

tained by Eq. (40). As a result, our approximate solutions ob-

tained from Eqs. (38) and (40) are useful for predicting the 

optical behaviors of the TM01 and EH11 modes in the na-

noscale coaxial waveguide. 

IV. CONCLUSION 

Analytical hybrid-mode dispersion relations of the lossy co-

axial waveguide are presented based on the mode-matching 

technique and the vector potential formulations. Precise 

phase and attenuation constants of the TM01, TE01, and 

EH11 modes have been numerically evaluated using the root-

searching algorithm based on Davidenko’s method. Approx-

imate but accurate dispersion equations for the TM0p, TE0p, 

EHmp, and HEmp modes are also proposed and agree well 

with more rigorous dispersion relations even for low electric 

conductivity or negative permittivity. Our dispersion solu-

tions can be applied to the theoretical evaluation of a coaxial 

calibration kit or the analytical determination of light distri-

bution within the optical coaxial waveguide. 
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I. INTRODUCTION 

Microwave heating has been used for a long time in commer-

cial and industrial applications owing to its heating efficiency. A 

typical example of a heating method using microwaves is a mi-

crowave oven at home. It is also used industrially in various 

fields such as soil moisture removal, volatile organic compound 

(VOC) removal, disinfection, and sterilization [1–3]. 

VOCs such as toluene and xylene inevitably occur in many 

industrial facilities, including semiconductor processing plants, 

refineries, and shipyards [4]. To prevent environmental pollution 

and human hazards, VOCs should be filtered by VOC filters. 

The confinement process of VOCs through filters is called ad-

sorption. Owing to their volatility, the filters used for VOC ad-

sorption can be recycled through microwave heating, and the 

desorbed VOCs can be separated by an air intake system. This 

process is called desorption. The adsorption and desorption pro-

cesses are sequentially performed in separate spaces. To regener-

ate the VOC filter well, high energy efficiency and heating uni-

formity are required during desorption. 
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Abstract 
 

In this study, two types of slotted waveguide are designed in the frequency of 2.45 GHz to improve the microwave heating uniformity of a 
quadrangular prism-shaped cavity in a volatile organic compound (VOC) removal system. Both types adopt the equivalent circuit ap-
proach used for a waveguide slot array antenna. The difference between the two types is the slot impedance extraction method of the 
waveguide slot array: one calculates the impedance taking the cavity structure into account and the other finds it in free space. Both meth-
ods show that the heating uniformity is improved by 52% compared with that of the conventional horn-type feeding structure system ac-
cording to the simulation results. Even though there is no difference in the heating uniformity between the two models, it is confirmed 
that the slotted waveguide array feeding model designed by using the impedance data of the slot incorporating the cavity (SAWFMcavity) 
has about 6.35 dB better impedance matching characteristics than the other model designed by extracting the impedance data of the slot 
in free space (SAWFMfree). Also, it is found that the SAWFMcavity shows more stable impedance characteristics with respect to the loading 
condition than the SAWFMfree. Therefore, it is concluded that the impedance of the slot should be extracted taking the cavity into ac-
count for the design of the slotted waveguide feeding structure since it improves the reflection characteristic as well as the heating uni-
formity compared with the horn-type feeding structure. 
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Since most microwave heating systems are high-power appli-

cations, the shielding is very important, and thus, a cavity struc-

ture is frequently used. In addition, to avoid dielectric break-

down, the microwave feeding structure often uses a waveguide 

aperture type composed of a single conductor. For example, a 

VOC removal facility using a cavity fed by a horn-type micro-

wave feeding structure is suggested [5].  

In general, much care is needed for the design of the feeding 

structure of a cavity since many modes exist inside the cavity as 

determined by the cavity structure, and the excitation of the 

mode is dependent on the feeding structure. Many research 

studies related to this have been actively conducted [6–12]. The 

optimization process for improving the electric field’s uniformity 

by analyzing the modes existing in the cavity and expressing the 

electric field inside the cavity in a linear combination of the 

modes has been presented [6]. However, modal analysis in a 

cavity and finding the feeding structure are very difficult because 

the cavity structures have different characteristics. Another 

method proposed for improving the uniformity is to use multi-

ple microwave sources with sequential feeding [7]. However, 

using multiple sources has the disadvantages of system complex-

ity and higher cost. The other method of increasing the uni-

formity is to employ a mode stirrer to mix multiple electromag-

netic modes in the cavity, and parametric studies with a genetic 

algorithm for a dielectric multilayer in a rectangular cavity were 

suggested [8, 9]. Nevertheless, the mode stirrer itself is an extra 

structure that makes the system complicated, and the parametric 

studies with a genetic algorithm are also difficult to analyze. 

There are studies in which dielectric slabs are uniformly heat-

ed using a slotted waveguide structure, and studies in which the 

heating uniformity is improved by using multiple slotted wave-

guides in a rectangular cavity [10–12]. Unlike the methods in-

troduced earlier, these feeding structures can have the effect of 

generating multiple microwave sources with a single excitation 

port in a simple design method. However, the technique was 

used for heating a dielectric slab and the rectangular cavity only. 

In this study, two types of slotted waveguide feeding struc-

tures are designed for the uniform heating of a VOC absorbent 

material in a quadrangular prism-shaped cavity used in a VOC 

removal facility. This paper is organized as follows. The entire 

VOC removal system, the cavity structure, and the basic horn-

type feeding structure are introduced in Section II. In Section 

III, the basic theory of waveguide slot and the design method of 

the two types of slotted waveguide feeding structures are pre-

sented. In Section IV, the figure of merit of heating uniformity 

used in this study is presented, and the comparison result of the 

heating uniformity performance among the horn-type and the 

two types of slotted waveguide feeding structures is introduced. 

The impedance matching characteristics are compared and the 

load sensitivity is discussed in Section V, followed by the conclu-

sion in Section VI.  

II. ENTIRE VOC REMOVAL SYSTEM AND HORN-TYPE 

FEEDING STRUCTURE  

Fig. 1(a) shows the entire VOC removal system [4]. The total 

structure is a large metallic cylinder divided into several cylindri-

cal wedge-shaped rooms, and the red part represents the air in-

take system. Each room is shielded with metal plates, and the 

upper and lower surfaces are composed of a metal perforated 

plate, which shields microwaves, but air can be inhaled. A VOC 

absorbent material (so-called VOC filter) is partially filled in 

each room, and microwaves are applied to each room to desorb 

VOC from the filter. The desorbed VOC is removed by the air 

intake system, and the system is rotated every certain time to 

remove the desorbed VOC in other spaces. Owing to the air 

intake system, microwaves cannot be fed from the top and bot-

tom, but from the outer face of the system or sidewall of the 

cavity. Fig. 1(b) shows the quadrangular prism-shaped cavity 

structure for uniform heating used in this study, which is actual-

ly a piece of 16 room cavities arranged in circular form in the 

VOC removal system shown in Fig. 1(a). Table 1 shows the ge-

ometric parameters of the cavity. The cavity is partially filled 

with a dielectric material (VOC filter after adsorption) to be 

heated, the dielectric constant and loss tangent of which are 4.98 

and 0.16, respectively. 

 

 

 
(a) (b) 

Fig. 1. (a) Entire VOC removal system. (b) A piece of 16 cavi-

ties of the entire system (quadrangular prism-shaped 

cavity). 

 

Table 1. Geometric parameters of the cavity 

Parameter Value𝑟 (mm) 990.6ℎ (mm) 350.0ℎ (mm) 150.0𝑤 (mm) 448.1𝑤 (mm) 58.2𝜃 (°) 22.5
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Fig. 2 shows a piece of room cavity with the conventional 

horn-type feeding structure. In this study, two types of slotted 

waveguide are designed and attached at the sidewall of the cavi-

ty to improve the heating uniformity. 

III. TWO TYPES OF SLOTTED WAVEGUIDE DESIGN  

The microwave source used for heating is a magnetron oper-

ating at 2.45 GHz. Therefore, the waveguide structure of 

WR340 (width = 86 mm, height = 43 mm) is selected. The first 

method (hereinafter, SAWFMfree) is to design the microwave 

feeding structure according to the well-known broad-wall reso-

nant waveguide slot array (WSA) antenna design method. This 

method has been used for the uniform heating of a rectangular 

cavity [12].  

Fig. 3(a) shows a longitudinal slot with an offset on a broad 

wall of a rectangular waveguide. The slot length is around λ0/2 

so that the slot shows a resonance characteristic. Specifically, this 

structure can be modeled as a shunt admittance element [13–

15]. When the TE10 mode is excited in the waveguide, the nor-

malized shunt admittance value can be calculated as 
 

2 20

0

2.09 cos sin
2

g

g

a dy
b a

λ πλ π
λ λ

   =        
,

           (1)  

where λg is the guided wavelength in the waveguide [13].  

Fig. 4 shows the broad-wall resonant single slot used in this 

study. Since the admittance value may vary depending on the 

thickness and width of the slot, a more accurate admittance value 

can be obtained through full wave simulation. In this study, the  

 

 

 
slot width and height, shown in Fig. 4, are fixed to 6 mm and 5 

mm, respectively. The normalized admittance value can be cal-

culated as  
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where the normalization factor is a wave impedance of the TE10 

mode in the rectangular waveguide. The scattering parameters 

used in Eq. (2) are the data obtained by simulating the wave-

guide slot and de-embedding the λg/4 waveguide section on 

each port. The basic WSA antenna design method uses an 

equivalent circuit approach where the calculated shunt admit-

tance elements representing broad-wall slots are connected by 

the transmission line representing the waveguide. For broadside 

radiation, the slot spacing is set to λg/2, and the offset direction 

of the adjacent slot is opposite to compensate the phase of the λg/2 waveguide section. The end of the waveguide is short, and 

the distance from the end to the last slot is λg/4 [13]. Fig. 5 

shows the equivalent circuit model of the slotted waveguide 

structure, and the normalized input admittance can be calculat-

ed as 
 

1

n
in kk

y y
=

= ,                 (3) 
 

where ky  is the normalized admittance value of the kth slot. 

Considering the overall size of the cavity, the total number of slots 

is set to 10. Following the broad-side radiation WSA antenna 

design, the normalized shunt conductance and susceptance value 

are set close to 0.1 and 0, respectively. The waveguide center is 

placed at a distance of 235 mm from the floor of the system to 
 

Fig. 5. Equivalent circuit model of slotted waveguide to be used as 

the feeding structure of the cavity. 

Fig. 2. Horn-type microwave excitation structure for the quad-

rangular prism-shaped cavity. 

 

 

(a) (b) 

Fig. 3. (a) Longitudinal slot on a broad wall of waveguide. (b) 

Equivalent circuit model of Fig. 2(a). 

Fig. 4. Broad-wall resonant single slot. 
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avoid direct contact between the VOC absorbent dielectric and 

the slot. Fig. 6 shows the entire heating system with the slotted 

waveguide feeding structure, and Table 2 shows the normalized 

admittance value of each slot and the length and offset proper-

ties. The height of the centerline of the slot array and the posi-

tion of the first slot (#1) are fixed to z = 235 mm and y1 = 42.08 

mm, respectively. Also, the quantity of the VOC absorbent ma-

terial (loading) depends on the operational situation so that the 

height h is a variable in the range of 130 to 170 mm. The refer-

ence h is set to 150 mm, which is an intermediate value of the 

height range. 

For SAWFMfree, the feeding structure is designed using the 

resonant broad-side WSA antenna design method in free space. 

However, as soon as the slotted waveguide structure is attached 

to the sidewall of the cavity, the calculated admittance property 

is changed by the cavity structure. After all, in order to find the 

correct admittance data of the slot attached to the cavity, the 

admittance properties have to be extracted including the effect 

of the cavity. The second method (hereinafter, SAWFMcavity) is 

to extract admittance data of the slot including the effect of the 

cavity and to design the slotted waveguide feeding structure in 

the same way as the approach in SAWFMfree. In this case, two 

slots having the same length and offset have different admit-

tances, since the fields excited by the two slots are different de-

pending on the position of the slot inside the cavity. Hence, the 

position of the slot should be considered as a variable. The 

height of the centerline of the slot array and the position of the 

first slot are the same as in the SAWFMfree case. Fig. 7 shows 

the extracted normalized admittance data with varying lengths 

and offsets of all slots. Since there are two variables, namely, the 

slot’s length and offset, the admittance value is calculated by 

fixing one variable and changing the other variable. Fig. 7(a) and 
 

 
Fig. 6. A 3D model of the system with the slotted waveguide feed-

ing structure: z = 235 mm, y1 = 42.08 mm, h = 150 mm. 

 

Table 2. Normalized shunt admittance values at 2.45 GHz and slot’s 

properties (SAWFMfree) 

Slot 
Normalized  

admittance 

Properties (mm)

Offset Length

1–10 0.1026 + j 0.0006 8.4 57.7

(a) 

(b) 

(c) 

(d) 

 

Fig. 7. Extracted normalized shunt admittance (SAWFMcavity): (a) 

normalized shunt conductance with respect to the slot’s length 

(Offset = 10 mm), (b) normalized shunt susceptance with re-

spect to the slot’s length (Offset = 10 mm), (c) normalized 

shunt conductance with respect to the slot’s offset (Length = 

58 mm), and (d) normalized shunt susceptance with respect 

to the slot’s offset (Length = 58 mm). 



JOURNAL OF ELECTROMAGNETIC ENGINEERING AND SCIENCE, VOL. 21, NO. 2, APR. 2021 

130 
   

  

(b) show the normalized shunt conductance and susceptance, 

respectively, according to the length change when the slot’s off-

set is fixed at 10 mm. Fig. 7(c) and (d) show the normalized 

shunt conductance and susceptance, respectively, according to 

the offset change when the slot’s length is fixed at 58 mm. No-

tice that the admittance values are quite different depending on 

the slot’s position as the slot length or offset is large. On the 

basis of the data in Fig. 7, a slight tuning is performed to match 

the normalized shunt admittance value of each slot similar to 

SAWFMfree. Table 3 shows the derived slot’s properties of 

SAWFMcavity. 

IV. UNIFORM HEATING PERFORMANCE 

In this study, to evaluate the heating uniformity performance 

of various feed structures, an evaluation index related to micro-

wave is suggested. The heat generated in the dielectric is pro-

portional to the power loss density (W/m3) due to electromag-

netic waves expressed as 
 

2''( )P σ ωε= + E ,                (4) 
 

where σ and ε’’ represent the conductivity of the VOC absorbent 

dielectric medium and the imaginary part of the dielectric con-

stant, respectively [16]. Although heat transfer should also be 

considered, only thermal losses due to microwaves are consid-

ered in this study. On the basis of the power loss density distri- 

bution, the figure of merit for performance evaluation is set as 
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               (5) 

N : Number of samples 

Pi  : Power loss density at the i-th sample 𝑃 : Average value of power loss density 
 

Table 3. Normalized shunt admittance values at 2.45 GHz and 

slot’s properties (SAWFMcavity) 

Slot 
Normalized  

admittance 

Properties (mm)

Offset Length

1 0.1017 – j 0.0011 7.2 58.4

2 0.0987 - j 0.0029 7.5 59.4

3 0.0981 + j 0.0076  8.6 58.2

4 0.0993 + j 0.0066 9.2 60.5

5 0.0990 - j 0.0024 9.0 58.8

6 0.0982 + j 0.0005 7.0 59.1

7 0.1027 - j 0.0012 8.8 58.5

8 0.0992 - j 0.0001 9.5 59.4

9 0.0966 + j 0.0030 9.5 58.8

10 0.1018 + j 0.0006 7.7 59.4

where σnor(P) is the normalized standard deviation of power loss 

density in the material. To ensure the convergence of the calcu-

lation results, the field sampling interval is set to 7 mm, which is 

smaller than λd/7, where λd is the wavelength in the dielectric 

medium. The total number of field samples in the dielectric is 

about 100,000 in this example. To evaluate the heating uni-

formity of horn-type and proposed systems, full wave EM 

simulation (CST Microwave Studio) is performed on the con-

ventional horn-type feeding structure and the two WSA models 

(SAWFMfree and SAWFMcavity). 

Fig. 8 shows the power loss density distribution inside the 

dielectric medium. Fig. 8(a) and (b) show the results for the 

horn-type feeding structure. Fig. 8(c) and (d) are the results for 

SAWFMfree, and Fig. 8(e) and (f ) are the results for SAWFM-

cavity. It can be seen that the structure using the horn type has a 

strong power loss density distribution in the vicinity of the aper-

ture. On the other hand, it can be seen that the power loss den-

sity distributions are relatively more uniform in the SAWFMfree 

and SAWFMcavity cases than in the case of the horn-type struc-

ture. The normalized standard deviations are given in Table 4. It 

is confirmed that the slotted waveguide feeding structure im-

proves the heating uniformity by about 52% compared with the 

existing horn-type feeding structure. In addition, notice that 

there is little difference (less than 1%) in heating uniformity 

between the two slotted waveguide models. 

 

 

(a) (b) 

 

(c) (d) 

 

(e) (f) 

Fig. 8. Power loss density distribution in the material: (a) horn-type 

structure horizontal cut, (b) horn-type structure vertical cut, 

(c) SAWFMfree structure horizontal cut, (d) SAWFMfree 

structure vertical cut, (e) SAWFMcavity structure horizontal 

cut, and (f) SAWFMcavity structure vertical cut. 
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Table 4. Comparison of uniform heating performance 

Structure 
Average power loss 

density (W/m3) 

Normalized standard 

deviation 

Horn type 11.70 2.62

SAWFMfree 12.70 1.25

SAWFMcavity 13.50 1.26

 

V. IMPEDANCE MATCHING CHARACTERISTICS  

Fig. 9 shows the impedance matching characteristics of the 

three systems. The reflection coefficient characteristic for S(1,1) 

is usually required  to be lower than −10 dB. The return loss is 

larger than 10 dB for both designs to satisfy the impedance 

matching requirement. However, in the case of heating facilities 

using microwaves, it is better to make the reflection as small as 

possible (for example, S(1,1) ≤ 13 dB corresponding to less 

than 5% reflection) for energy-efficient operation. To meet the 

conditions, an external matching circuit such as a waveguide 

stub tuner should be additionally attached for the horn type and 

SAWFMfree. In the case of SAWFMcavity, it is possible to obtain 

excellent impedance matching characteristics at a center fre-

quency of 2.45 GHz without additional impedance matching 

circuits. This is because a more accurate impedance matching is 

possible since the calculation of the normalized admittance val-

ue of each slot includes the cavity. 

 Generally, the resonance-based WSA antenna has very nar-

row band characteristics. Therefore, when it is used as the feed-

ing structure in an industrial microwave heating facility, it may 

have characteristics that are very sensitive to internal load 

changes (e.g., dielectric constant, height, etc.). Even though the 

impedance matching can be obtained through the external 

matching circuit, the tuner has to be adjusted whenever the in-

ternal condition of the cavity changes. 

Fig. 10(a) and (b) show the impedance matching characteristics 

according to the loading of VOC absorbent for SAWFMfree and 

 

Fig. 9. Impedance matching characteristics. 

(a) 

(b) 

Fig. 10. Impedance matching characteristics with changing internal 

load condition (reference dielectric height h = 150 mm): (a) 

SAWFMfree and (b) SAWFMcavity. 

 

SAWFMcavity, respectively. The height of the VOC absorbent 

material inside the cavity varies from 130 to 170 mm with 10 

mm intervals. In both models, the reference dielectric height is 

150 mm. In the case of SAWFMfree, it can be seen that the im-

pedance matching characteristic deteriorates to -10 dB depend-

ing on the change in dielectric height. However, in the case of 

SAWFMcavity, it can be seen that the impedance matching char-

acteristic is maintained below  -15 dB despite the dielectric 

height change, and it can be stably operated without manipulat-

ing an external matching circuit according to a change of the 

load in the cavity.  

VI. CONCLUSION 

In this study, two types of slotted waveguide array in the fre-

quency of 2.45 GHz are designed to improve the heating uni-

formity of the quadrangular prismatic microwave cavity used for 

a VOC removal system. Both follow the equivalent circuit ap-

proach of the WSA antenna design. The difference is whether 

the cavity is included when extracting the impedance data of the 

slot. Both methods confirm that the heating uniformity is im-

proved by 52% compared with the conventional horn-type exci-

tation case, and the uniformity difference between the two 
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models is below than 1%. However, the model using the imped-

ance data of the slot including the cavity has been found to have 

better impedance matching by 6.35 dB and shows better load-

insensitive characteristics than the model designed by extracting 

the impedance data of the slot in the free space. As a result, the 

impedance value of the slot should be extracted taking the cavity 

effect into account for the design of the slotted waveguide feed-

ing structure that improves the reflection and load-insensitive 

characteristics while improving the heating uniformity com-

pared with the horn-type feeding structure. 
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I. INTRODUCTION 

Detecting a low velocity, small target in sea clutter, especially 

with low-grazing angle radar, is an important subject in mari-

time reconnaissance. The existence of sea clutter has been 

acknowledged as one of the major obstacles that hinders suc-

cessful target detection. An ideal detector can inherently esti-

mate clutter statistics, such as the clutter covariance matrix 

(CCM), the clutter power of cell under test (CUT), and range 

cells adjacent to the CUT, on the fly and apply those parameters 

to its signal processing component to maintain a constant false 

alarm rate (CFAR) [1, 2]. 

It has been said that the stationarity of clutter returns is as 

short as 100 ms at most [3]. Moreover, because of the heteroge-

neity of the sea environment, there are not enough training vec-

tors that share the same CCM structure as a primary data vector 

[4]. These will make it difficult to estimate the CCM and con-

sequently suppress clutter returns. 

Many studies have been conducted to investigate the statisti-

cal properties of sea clutter, either by analyzing measurement 

data or by theoretical analysis. The statistical properties include 

the modeling of Doppler spectra of clutter returns, the spatial 

and temporal correlation of speckle and texture, clutter ampli-

tude probability density function related with shape parameter 

and scale parameter, etc. [5, 6]. It turns out that a compound-

Gaussian model has been found to be the best fit for sea clutter, 

especially at a low-grazing angle and high-resolution radar [7].  

A detection scheme that works by suppressing clutter returns 
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has been developed through the exploitation of the statistical 

properties of sea clutter. The generalized likelihood ratio test 

(GLRT) detector, referred to as a normalized matched filter 

(NMF), was derived in Gaussian noise, assuming the CCM 

structure was known [8]. The adaptive GLRT detector struc-

ture using the estimated CCM was derived and demonstrated 

to ensure the CFAR property with respect to the CCM [1].  

There have been many studies proposing subspace-based 

clutter suppression techniques. Mathematical tools such as or-

thogonal projection (OP), singular value decomposition (SVD), 

principle eigenvector, etc. were applied to the constructed clut-

ter subspace [9, 10].  

In adaptive detectors, the estimation of the CCM has been of 

paramount importance in determining clutter suppression per-

formance. The CCM in the NMF was replaced by the estimate 

of the sample covariance matrix (SCM) or by the normalized 

sample covariance matrix (NSCM) to guarantee the CFAR 

property with respect to the CCM or to the statistics of the tex-

ture or clutter power [4, 11]. In [12], an eigen-analysis-based 

CCM estimation algorithm called the regularized estimation 

method was proposed, and it was accessed through the adaptive 

NMF. Through effectively setting regularization parameters, 

this method tackled the problem of the scarcity of training vec-

tors. This problem has also been dealt with in the context of the 

space-time adaptive processing (STAP) algorithm. Knowledge-

aided STAP algorithms were proposed in this context, utilizing 

a priori data for the clutter map rather than many training vec-

tors [13, 14]. To adapt to a more heterogeneous environment, a 

single data set (SDS) STAP algorithm that does not use any 

training vectors was proposed [15]. 

In this paper, we propose a new CCM estimation algorithm 

that does not require many training vectors and compare it with 

the conventional SCM-based algorithm, paying attention to the 

performance variation, which depends on the number of train-

ing vectors.  

This paper is organized as follows. In Section II-1, we present 

the modeling of the sea CCM using discrete Fourier transform 

(DFT). In Section II-2, we propose a new CCM estimation algo-

rithm. To compare it with the conventional SCM, two filters—a 

maximum signal-to-interference-plus-noise ratio (SINR)-based 

filter and a whitening filter—using the CCM estimates are in-

troduced and analyzed in Section III-1 and Section III-2. In 

Section IV, through numerical simulations, we review the per-

formance of the proposed algorithm, showing the two filters’ 

outputs. Finally, our conclusions are stated in Section V. 

II. CCM MODELING AND ESTIMATION  

1. Sea CCM Modeling 
We consider a shipborne radar scenario where a radar makes 𝑁consecutive pulse transmissions and corresponding receptions 

during period 𝑇 into a radar scene. To focus on sea CCM 

modeling, the target signature in the radar scene is neglected in 

this section.  

Let 𝑐 [𝑛] denote a clutter return of the 𝑗th range cell for the 𝑛th pulse. For 𝑁 consecutive transmissions, we obtain the clut-

ter return vector of the 𝑗th range cell, {𝑐 [𝑛]}(𝑛 = 0, 1, ⋯ , 𝑁 −1). Let {𝐶 [𝑘]} 𝑘 =  − , … , − 1  denote the DFT of 

{𝑐 [𝑛]}, where 𝑘 is related to Doppler frequency 𝑓 = . Ac-

cording to [5], 𝐶 [𝑘] is modelled as the product of two random 

variables: texture and speckle. Using the Wiener–Khinchin the-

orem, the DFT of the autocorrelation function of 𝑐 [𝑛] corre-

sponds to the clutter power spectral density (PSD), which is 

approximately E 𝐶 (𝑘) . According to the DFT theory, 𝑐 [𝑛] can be expressed as 
 

𝑐 [𝑛] = 𝐶 [𝑘] exp 𝑗 2𝜋𝑁 𝑘𝑛  

(1)
 

Eq. (1) can be rewritten in vector notation as 
 

𝒄𝒋 = 𝛾 , √𝑁𝒖  

(2)
 

where 𝒄𝒋 ∈ ℂ ×  denotes 𝒄 ≡ 𝑐 [0], … , 𝑐 [𝑁 − 1] (super-

script T denotes transpose) and for notational simplicity, 𝑟 ,  is 

used in place of 𝐶 [𝑘]. Meanwhile, 𝒖  in Eq. (2) denotes 
 𝒖 = 1√𝑁 [𝑒 ( ), … 𝑒 ( ) … , 𝑒 ( )]

(3)
 

It is noted that 𝒖 ∈ ℂ ×  is, in fact, a Doppler steering 

vector of 𝑓 =  with intensity |𝒖 | = 1. The overall interfer-

ence vector 𝒗  can be expressed as 𝒗 = 𝒄 + 𝒏  (4)
 

where 𝒏  is a complex additive white Gaussian noise vector. 

Using Eq. (2) and the statistical independence between 𝒄  and 𝒏𝒋, the theoretical covariance matrix for 𝒗 , i.e., 𝑹 ∈ ℂ × , is 

expressed as 𝑹 = 𝐸 𝒗 𝒗
≅ 𝐸 𝛾 , 𝛾 ,∗ (√𝑁 𝒖 )(√𝑁𝒖 )
+ 𝐸 𝒏 𝒏 . (5)

 

When manipulating Eq. (5), we use the orthogonality 𝒖 ⊥ 𝒖  

for 𝑘 ≠ 𝑚 and 𝒖 ⊥ 𝒏 . According to [16], a collection of 

random variables—namely, 𝛾 , s—can be assumed to be mutu-

ally independent, having zero mean. That is, 
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E 𝛾 , 𝛾 ,∗ = 𝛿 ,  𝐸 𝛾 ,  (6)
 

where 𝛿 ,  is the delta function defined as 𝛿 , = 1 for 𝑘 =𝑚 and 𝛿 , = 0 otherwise. 

Using Eq. (6), Eq. (5) is further simplified as  

𝑹𝒋 ≅ 𝑁 𝜂 , 𝒖 𝒖 + 𝜎 𝑰 

(7)

where 𝜂 , = 𝐸 𝛾 ,  is the clutter PSD at 𝑓 = , 𝜎  is 

noise variance, and 𝑰 is the identity matrix. 𝑹  in Eq. (7) can be rewritten as the form of the eigen-

decomposition, that is, 𝑹 ≅ 𝑼𝜦 𝑼 (8)
 

where U = [𝒖  𝒖  … 𝒖 ] is an 𝑁×𝑁 matrix whose columns 

are the eigenvectors of 𝑹 , and 𝜦 = diag{𝜆 ,  𝜆 , … 𝜆 , } is 

a diagonal matrix in which 𝜆 , = 𝑁𝜂 , + 𝜎  is an eigenval-

ue corresponding to eigenvector 𝒖 ∈ ℂ × . 
 

2. Proposed Algorithm for CCM Estimation 
Let 𝑹𝒋 denote an estimate for 𝑹  obtained by the SCM, 

which used to be a primary choice for CCM estimation. 𝑹𝒋 is 

then expressed as 

𝑹𝒋 = 1𝐿  𝒗𝒍𝒗𝒍𝑯,    

(9)
 

 

where 𝐿 is the number of valid training vectors adjacent to the 

CUT and 𝒗𝒍 is the interference vector at the 𝑙th range cell. 

 Because of a finite number of training vectors, 𝑹𝒋 cannot be 

ideally eigen-decomposed, as expressed in Eq. (8). 

Let 𝒛  be the DFT of 𝒗 . 𝒛  can then be written as  
 𝒛 = 1√𝑁 𝑫 𝒗𝒍 . (10)
 

In Eq. (10), 𝑫 = √ 𝒅 𝑵𝟐 ,  𝒅 𝑵𝟐 𝟏, …,   𝒅𝑵𝟐 𝟏 𝑻
 is an 𝑁 × 𝑁  

Fourier transformation matrix where  
 𝒅𝒍 =  1, 𝑒 , …  , 𝑒 ( )  . (11)
 

Let 𝑪𝒋 = 𝛾 ,    𝛾 ,  … 𝛾 , , i.e., the DFT of 𝒄𝒋. 𝒛  is then 𝒛𝒍 =  √ (𝑪𝒍 + 𝒏𝒍), where 𝒏𝒍 =  √ 𝑫𝑯𝒏𝒍. 
Using Eq. (10), 𝑹𝒋 in Eq. (9) can be rewritten as  

 𝑹𝒋 = 𝑫 𝑁𝐿 𝒛𝒍𝒛𝒍𝑯 𝑫𝑯. 
(12)

 

If there were an infinite number of training vectors available,  ∑ 𝐳𝒍𝐳𝒍𝑯 in Eq. (12) would be approximately expressed as 
 𝑁𝐿 𝒛𝒍𝒛𝒍𝑯

≅ 𝑁 𝐸 𝛾 , + 𝜎 ⋯ 𝐸 𝛾 , 𝛾 , ∗⋮ ⋱ ⋮𝐸 𝛾 , 𝛾 , ∗ ⋯ 𝐸 𝛾 , + 𝜎  

(13)
 

The off-diagonal terms of the matrix in Eq. (13) should 

theoretically be zero because of the mutual independence of 𝛾 , s, as mentioned in Eq. (6). Although ∑ 𝐳𝒍𝐳𝒍𝑯 cannot be 

a diagonal matrix if it is calculated with a finite number of train-

ing vectors, we could manipulate it into a diagonal matrix by 

using the Hadamard product with identity matrix 𝑰. Thus, the 

proposed CCM estimate, hereafter denoted as 𝑹𝒋, becomes 
 𝑹𝒋 = 𝑫 𝑁𝐿 𝒛𝒍𝒛𝒍𝑯 ∘ 𝑰 𝑫  

(14)
 

where ∘ denotes the Hadamard product. 

In summary, the proposed CCM estimation procedures are 

described as follows: i) obtaining a collection of training vector 𝒗𝒍s from the range bins adjacent to the CUT,  ii) obtaining 𝒛𝒍s 
by taking the DFT of 𝒗𝒍s, iii) calculating ∑ 𝒛𝒍𝒛𝒍𝑯 ∘ 𝑰, and 

finally, iv) calculating 𝑫 ∑ 𝒛𝒍𝒛𝒍𝑯 ∘ 𝑰 𝑫𝑯. 

III. FILTER CONSTRUCTION USING ESTIMATED CCM 

1. Max SINR Filter 
We now consider a scenario of the presence of a moving tar-

get in the target scene. Since we are concerned with a case with 

a short observation interval, the target is assumed to have a con-

stant Doppler frequency.  

Let the clutter power only reside in [−𝑝 ,  𝑝 ] in the 𝑘 

domain. 𝜆 ,  in (8) is then expressed as 
 𝜆 , = 𝑁𝜂 , + 𝜎 𝑘 = −𝑝 , −𝑝 + 1, … 𝑝𝜎 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  (15)
 

In this section, we intend to design an adaptive filter that 

maximizes the output SINR, which hereafter will be referred to 

simply as the max SINR filter. In this case, for the desired Dop-

pler steering vector 𝒔𝒓 with unity intensity, optimum weight 𝒘 ,  becomes [17] 
 𝒘𝒋,𝒓 = 𝑹 𝒋 𝟏𝒔𝒓 = 𝜆 , 𝒖𝒌𝒖𝒌𝑯 𝒔𝒓 

(16)
 

For 𝑘 ≠ 𝑟, 𝒔  is orthogonal to 𝒖𝒌. In this case, 𝒘 ,  is ex-

pressed as 



CHOI et al.: SEA CLUTTER COVARIANCE MATRIX ESTIMATION AND ITS APPLICATION TO WHITENING FILTER  

137 

  
 

𝒘 , = ⎩⎨
⎧ 1𝑁𝜂 , + 𝜎 𝒖 𝑟 = −𝑝 , … ,  𝑝1𝜎 𝒖 𝑒𝑙𝑠𝑒𝑤ℎ𝑒𝑟𝑒  

(17)
 

Let the target Doppler frequency be 𝑓 , i.e., 𝑘 = 𝑞. In this 

case, the received radar return from the 𝑗th range cell, 𝒙 , can 

be expressed as 

𝒙 = 𝜁 √𝑁𝒖 + 𝛾 , √𝑁𝒖 + 𝒏𝒋 
(18)

 

where 𝜁  is the target reflectivity. 𝜁  is assumed constant in 

the following derivation because the change in target reflectivity 

for short processing intervals might be negligible. To examine 

the SINR of the filter output at the target bin, that is, the 𝑞th 

Doppler bin, we let 𝑓  be located somewhere within the clutter 

PSD, i.e., −𝑝 ≤ 𝑞 ≤ 𝑝 . The max SINR filter output at 𝑓 , 

namely, 𝑦 , , then becomes 
 𝑦 , = 𝒘 , 𝒙

=
⎩⎪⎪⎨
⎪⎪⎧√𝑁𝜁𝛽 + √𝑁𝛾 , + 𝒖 𝒏𝒋𝛽 𝑟 = 𝑞√𝑁𝛾 , + 𝒖 𝒏𝒋𝛽 𝑟 ≠ 𝑞,  −𝑝 ≤ 𝑟 ≤ 𝑝𝒖 𝒏𝜎 elsewhere (19)

 

 

where 𝛽 = 𝑁𝜂 , + 𝜎 . The output SINR at the 𝑞th Dop-

pler bin becomes 

𝑆𝐼𝑁𝑅 = √𝑁𝜁𝛽𝐸 √𝑁𝛾 , + 𝒖 𝒏𝛽  
           = 𝑁 𝜁𝑁𝜂 , + 𝜎  (20)

 

In deriving Eq. (20), we use the mutual independence be-

tween 𝛾 ,  and 𝒖 𝒏 . Initially, the filter input SINR at the 𝑞th Doppler bin is , =  , . As expected, when the 

noise power is negligible, the filter output SINR is approximate-

ly the same as the filter input SINR. This result is quite obvious 

because the mathematical expression of the clutter spectral 

component at the 𝑞th Doppler bin is the same as that of the 

target return at the 𝑞th Doppler bin, except for being scaled by 

an unknown complex amplitude 𝛾 , . Hence, the filter weight 𝒘𝒋,𝒓 cannot make differences in the SINRs before and after fil-

tering. Moreover, when noise power is negligible, 𝑁 does not 

contribute to SINR improvement, as will be shown in Section IV. 

Now, we examine the change in clutter power before and 

after filtering at the target-free bins. Let the 𝑟th Doppler bin 

be one out of the target-free region, that is, 𝑟 ≠ 𝑞 and −𝑝 ≤𝑟 ≤ 𝑝 . Employing some manipulations, the clutter power at 

the 𝑟th Doppler bin, which is the mean square value of y , , E y , , is expressed as ,  , whereas the clutter power  

at the 𝑟th Doppler bin before filtering is 𝜂 , . This result im-

plies that the bigger 𝜂 ,  and 𝑁 are, the larger the clutter 

suppression ratio becomes. 

 
2. Whitening Filter 

In this section, we introduce the whitening filter, whose  

weight is dictated by 𝒘𝒋,𝒓 = 𝑹𝒋 𝟏𝟐𝒔𝒓 (as opposed to the max  

SINR filter, which uses 𝒘𝒋,𝒓 = 𝑹𝒋 𝟏𝒔𝒓) and present analytical  

comparisons of the two filters in terms of the output SINR at 

the target bin and the interference suppression at the target-free 

bins.  

Following the same procedures leading to Eq. (19) in Section 

III-1, the whitening filter output at 𝑓 ,  𝑦 , , is 
 𝑦 , = 𝒘 , 𝒙

=
⎩⎪⎪
⎨⎪
⎪⎧√𝑁𝜁𝛽 + √𝑁𝛾 , + 𝒖 𝒏𝒋𝛽  𝑟 = 𝑞√𝑁𝛾 , + 𝒖 𝒏𝒋𝛽 𝑟 ≠ 𝑞,  −𝑝 ≤ 𝑟 ≤ 𝑝𝒖 𝒏𝜎 𝑒. 𝑤.

 
(21)

 

 

where 𝛽 = 𝑁𝜂 , + 𝜎  , which is defined the same way it 

was in Eq. (19). As expected, at the target-free bins where 𝑟 ≠𝑞, the mean square value of 𝑦 ,  in (21) becomes approximately 

1, which implies that the interference PSD is whitened. The 

SINR at the 𝑞th target Doppler bin is approximately , , 

which is the same as that of the max SINR filter.  

Let us compare two filter outputs in terms of the interference 

suppression at the target-free bins. First, for the clutter-plus- 

noise bins in which 𝑟 ≠ 𝑞 and −𝑝 ≤ 𝑟 ≤ 𝑝 , the E 𝑦 , s 

of the max SINR filter and the whitening filter are approximately 

,  and 1, respectively. Since the initial clutter power at the 𝑟th Doppler bin is 𝜂 , , their interference suppression ratios 

are approximately ,  and , , respectively. Thus, depend-

ing on whether 𝑁𝜂 ,  is greater than 1, one filter outperforms 

the other.  

We next examine two filter outputs at the noise-only Doppler 

bins that do not include clutter components. Employing some 
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calculations, the output noise power E 𝑦 , s of the max SINR  

filter and the whitening filter are approximately  and 1, re-

spectively. To compare suppression performance in the noise-

only region, we compare the output noise power after equating 

the target return power at two filter outputs. This can be done 

by multiplying  by the whitening filter output 𝑦 ,  in Eq. 

(21). The calculated noise power ratio is , , which is 

always greater than 1. Thus, the whitening filter always sup-

presses more noise than the max SINR, which will be evident 

from the simulation results in Section IV. 

To conclude, the whitening filter is generally more advanta-

geous than the max SINR filter in that it outperforms noise 

suppression in the noise-only region while providing compara-

ble results in terms of SINR at the target bin and in the extent 

of clutter suppression in the clutter plus noise region. In addi-

tion, it provides interference whitening in the target-free region, 

which may simplify the CFAR algorithm that will be applied to 

the filter output. 

IV. SIMULATIONS 

Before delving into the simulation details, we will briefly de-

scribe how the sea clutter returns were simulated. We essentially 

applied the procedure proposed in [5, 18] and simulated two 

kinds of clutter returns, VV polarized and HH polarized data, 

for 64 consecutive pulse transmissions. To simulate VV polar-

ized data, the following steps are taken. Since the clutter spec-

trum in VV polarization is known to resemble a Gaussian func-

tion, we tried to assign the mean Doppler frequency and the 

spectrum width of the Gaussian function that characterize the 

function shape. To do this, we assumed that the wind speed is 

12.5 m/s, operating frequency is 3 GHz, antenna look angle 

relative to the wind direction is 0°, relative texture value is 1, and 

platform-induced Doppler frequency is 0 Hz. With the pa-

rameter values assumed, the mean Doppler frequency of the 

Gaussian function becomes roughly 50 Hz. Its spectrum width 

was made arbitrarily large such that a moving target signature 

resides within the clutter spectrum. If a radar platform has mo-

tion, the platform-induced Doppler frequency is no longer 0 Hz, 

and a shift in the mean Doppler frequency is created. We will 

deal with this nonzero Doppler scenario in a later part of this 

section. For the chosen function shape, we next obtained the 

autocorrelation function by taking the inverse DFT (IDFT) of 

the Gaussian function. The sample values of the autocorrelation 

function were used as the finite impulse response (FIR) filter 

weights. As the input sequence to the FIR filter, we used a se-

quence of complex samples whose in-phase and quadrature 

components are random variables with zero mean and a vari-

ance of one-half. The output sequence of the FIR filter corre-

sponds to the time-series clutter/speckle return data in VV po-

larization. We used the same texture value for the 64 clutter 

speckle components, as the interval is relatively short. The 

dashed line in Fig. 1 shows the initially chosen Gaussian-shaped 

Doppler spectrum. Following the afore- mentioned procedures, 

we generated 25 sets of the time-series speckle data 𝑐 [𝑛] (𝑛 = 0, ⋯ , 63), which is the output of the FIR filter. The solid line 

in Fig. 1 shows an ensemble average of 𝐶 [𝑘] , which is the 

clutter PSD.  

To simulate HH polarized return data, we first determine a 

Lorentzian function characterized by a small number of mean  

Doppler frequencies. We arbitrarily chose two mean Doppler 

frequencies, –150 Hz and 200 Hz. We next obtained the speckle 

Doppler function by convolving the Lorentzian function with an 

arbitrarily chosen Gaussian function. Since HH polarization 

returns are related to scatterers moving faster than Bragg scat-

terers, the typical function shape of the Doppler spectrum can-

not be specified in such a way as to associate it with sea state 

and radar parameters. Thus, we do not enumerate the associated 

parameter values. For a given Doppler function, the rest of the 

procedure to simulate the time-series speckle return data is the 

same as before. The dashed line and the solid line in Fig. 2, re-

spectively, show the initially chosen Doppler function and the 

PSD of the simulated HH polarized speckle data. 

The first scenario concerns a short interval case of 64 radar 

returns in VV and HH polarization. A shipborne radar with a 

single transceiver operating at 3 GHz sends a sequence of 

pulses at 1 kHz of pulse repetition frequency (PRF). Within 

the target scene, there exists a moving target whose arbitrarily 

chosen Doppler frequency is 109 Hz. Considering the short 

interval, we assumed the target reflectivity was constant.  

To calculate 𝑹𝒋 using the SCM shown in Eq. (9) with the 

VV polarized data, we used 25 training vectors adjacent to the 

CUT. We next decomposed 𝑹𝒋 into eigenvectors and eigen-

values. For all eigenvectors, we took the DFT and obtained 
 

Fig. 1. Initial function and speckle PSD in VV polarization. 
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Fig. 2. Initial function and speckle PSD in HH polarization. 

  

their spectra. Fig. 3(a) shows the spectra arranged in such a 

manner that the spectrum of an eigenvector associated with a 

larger eigenvalue lay to the left of the 𝑥 axis. We next applied 

the proposed algorithm to obtain 𝑹𝒋. Fig. 3(b) shows the plots 

of the spectra of the eigenvectors in 𝑹𝒋, which are arranged as 

in Fig. 3(a). We note that from the spectra shown in Fig. 3(b), 

the eigenvectors look to have a form of a Doppler steering vec-

tor of a single frequency, which is particularly apparent in the 

eigenvectors associated with larger eigenvalues. In order to de-

termine the results that could be achieved if there were a suffi-

cient number of training vectors, we arbitrarily generated 250 

training vectors, calculated the 𝑹𝒋 using the SCM, and finally  

 

obtained the eigenvector spectra shown in Fig. 3(c). More ei-

genvectors with larger eigenvalues appear to have the form of 

Doppler steering vectors of a single frequency. Fig. 3(d) is the 

plot of the eigen vector spectra obtained with the HH polarized 

data by applying the proposed method. Two dominant Doppler 

frequencies can be observed in the spectra of the eigenvectors 

associated with the large eigenvalues. 

We next compared the frequency responses of the four filters 

constructed with CCM estimates by the VV polarized data. For  

convenience, three of these filters—whose weights are 𝑹𝒋 𝟏𝒔𝒓, 𝑹𝒋 𝟏𝒔𝒓, and 𝑹𝒋 𝟏𝟐𝒔𝒓—obtained with 25 training vectors are 

called filter A, filter B, and filter C, respectively. The filter with 

weight 𝑹𝒋 𝟏𝒔𝒓  using 250 training vectors is called filter D.  

Fig. 4(a)–(d) show the frequency responses of filters A–D, re-

spectively. The frequency responses of filter B and filter C ap-

peared smoother around the clutter-dominant region than those 

of filter A, which implies that filter A might not effectively sup-

press clutter components. As expected, filter D, which was ob-

tained with many training vectors, exhibits better performance 

than filter A. 

We next added a target signature to the generated interfer-

ence, VV polarized data plus additive noise, and examined the 

filter outputs. The target return power was set to be small 

enough that the input signal-to-clutter ratio (SCR) and input 

clutter-to-noise ratio (CNR) were -27 dB and 20 dB, respec-

tively. As shown in Fig. 5(a), the target peak could not be ob-

served at the target Doppler bin of filter A. The target peak 

 

 
(a) (b)

 
(c) (d)

Fig. 4. (a) Frequency response of filter A. (b) Frequency response of 

filter B. (c) Frequency response of filter C. (d) Frequency 

response of filter D. 

 
(a) (b) 

 

(c) (d) 

Fig. 3. Spectra of eigenvectors. (a) CCM estimate by SCM (25 

training vectors; VV). (b) CCM estimate by proposed al-

gorithm (VV). (c) CCM estimate by SCM (250 training 

vectors; VV). (d) CCM estimate by proposed algorithm 

(HH). 
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could be observed at the right Doppler frequency in Fig. 5(b), 

(c), and (d), which are the outputs of filter B, filter C, and filter 

D, respectively. The target peak shown in Fig. 5(c) looked more 

dominant because the interference in the target-free region was 

whitened.  

Fig. 6(a)–(d) show the outputs of filter A, filter B, filter C, 

and filter D, respectively, for the HH polarized data scenario. 

We may easily observe the same results as we did in the VV 

polarization case. 

  

 
(a) (b) 

 
(c) (d) 

Fig. 5. Filter outputs in VV polarization. (a) Output of filter A. (b) 

Output of filter B. (c) Output of filter C. (d) Output of fil-

ter D. 

 

 
(a) (b) 

 
(c) (d) 

Fig. 6. Filter outputs in HH polarization. (a) Output of filter A. (b) 

Output of filter B. (c) Output of filter C. (d) Output of fil-

ter D. 

As mentioned earlier, the platform-induced Doppler fre-

quency tends to shift the mean Doppler frequency of the clutter 

spectrum [18]. To reflect this aspect, we examined the filter 

outputs, moving around the moving target Doppler frequency 

while the clutter spectrum remained fixed. From a radar detec-

tor standpoint, this is basically equivalent to shifting the clutter 

mean Doppler frequency. Fig. 7(a) and (b) denote three SINRs 

obtained from the VV and HH polarized data, respectively. 

The three SINR curves shown in Fig. 7 are the theoretical 

SINR curve and two other SINR curves obtained with the 

CCM estimates by the proposed and the conventional/SCM 

method, respectively. Calculation of SINRs was made at arbi-

trarily selected different Doppler frequencies in either the clutter 

plus noise region or the noise-only region of the clutter spec-

trum. As the theoretical SINR was obtained by Eq. (20), that is, 

by using a true CCM, it must put a ceiling on the SINR. For 

both the VV and the HH polarized data, the SINRs by the 

proposed method are closer to the theoretical SINRs than are 

the SINRs by the conventional method. This is quite obvious in 

the clutter plus noise region (see Figs. 1 and 2), which implies 

that the filter designed with the CCM from the proposed 

method effectively suppresses clutter. However, no noticeable 

difference among the three SINRs in the noise-only region can 

be observed, as the filter performance has no effect in this region.  

V. CONCLUSION 

In this paper, we proposed a CCM estimation algorithm in a 

sea clutter environment. To develop the algorithm, we modified 

the time-series clutter returns into the frequency domain clutter 

spectrum and exploited the mutual independence among the 

complex-valued Doppler spectral components. To compare the 

proposed algorithm with the SCM algorithm, two filters—the 

max SINR filter and the whitening filter—that require the 

CCM were used. We first analytically derived the SINR at the 

target bin and the clutter suppression ratio in clutter and noise-

only regions. Next, we numerically simulated sea clutter, applied 

the conventional and proposed estimation algorithms, and ex-

amined the outputs of the filters designed with the estimated 

  

 
(a) (b) 

Fig. 7. Three SINRs in (a) VV polarization data and (b) HH polar-

ization data. 
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CCMs. Comparisons were made by showing the eignvector 

spectra of the estimated CCMs and the frequency responses 

and outputs of the filters. Moreover, SINRs at target Doppler 

bins were examined with a theoretical, analytically derived 

SINR.  

The filter using the proposed CCM estimate, regardless of 

the filter type, always showed better performance in suppressing 

clutter than the filter using the SCM estimate. Moreover, the 

whitening filter was more advantageous, especially in the noise-

only region.   
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I. INTRODUCTION 

Missile accuracy is directly affected by the performance of the 

radar mounted on the missile. On a large missile, an array of slot 

antennas or a patch antenna structure is typically used for the 

missile’s radar [1–3]. Antennas with this type of structure are 

generally mounted with a phase shifter on the back end of the 

antenna, which tracks and intercepts an object by modifying the 

beam directing angle. Since such systems are large and relatively 

expensive, they are not suitable for mounting on a small missile 

for tracking a small object. Instead, a semi-active-type radar, 

which only has a receiver module, is employed on small missiles 

[4]. 

Among such semi-active-type radar systems, one of the rep-

resentative antenna designs applied to the surfaces of small mis-

siles is the sub-wavelength-aperture monopulse conformal an-

tenna patented by Lockheed Martin [5]. This antenna is pro-

duced by modifying a bull’s eye antenna, and to control the mis-

sile’s flight direction, the beam angle is steered using a dielectric. 

Detection is performed by the monopulse method utilizing four 

antenna arrays on the warhead surface. However, when the 

beam direction setup is modified in the basic bull’s eye antenna, 

the side lobe level is increased, resulting in a complicated struc-

ture and high manufacturing cost [6]. In [7], patch antenna 

used for the transmission and reception module can also be 

mounted on the sharp and the structure is simple, the missile 
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Abstract 
 

In this study, the structure of a circular four-array antenna was designed for a monopulse radar attached to a conical small missile warhead 

with a diameter of 29 mm and a lateral length of 63 mm. A printed monopole Yagi-Uda antenna was adopted as the basic model for the 

antenna to decrease production cost and reduce weight. The director structure of the printed monopole Yagi-Uda antenna that we pro-

posed was modified to λ/2 to improve the beam direction. Unlike the existing structure, the proposed director was made to be separated 

from the ground, so that it could act as a director. The antenna was expanded to a four-array structure for the detection of vertical and 

horizontal planes. As a result of the design, the S11 had excellent matching characteristics at the center frequency of 9.375 GHz, and the 

beam pattern also had directivity in the same direction as the missile travel direction. In the case of gain, it showed more than 6 dBi 

performance. Finally, the proposed four-array structure antenna was fabricated to verify that the S11 and radiation patterns were main-

tained. 
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surface. Although the beam is sharp and the structure is simple, 

the antenna beam direction does not match the missile’s travel 

direction. Therefore, this is inadequate for use as an antenna for 

a monopulse radar. 

In this study, a position tracking antenna is proposed for use 

in such radar systems, by using a printed monopole Yagi-Uda 

antenna that can be mounted on the warhead of a small missile. 

The antenna can be manufactured by a simple method, and the 

cost of manufacturing is low. In addition, the beam pattern can 

be easily modified, and the gain can be easily improved by using 

a reflector and a director. Moreover, since its shape is easily 

changed, a printed monopole Yagi-Uda antenna can be easily 

mounted on the surface of a missile warhead. The typical print-

ed Yagi-Uda antenna uses λ/2 dipole as driven elements [8, 9]. 

Such a structure requires a balun or an additional ground on the 

dipole, resulting in a complex or large structure. To solve this 

problem, we studied a new structure in which the feeding ele-

ment is a monopole [10–18], which has the symmetry pattern 

in the broadside direction. However, while this had a simpler 

structure than the existing Yagi-Uda antenna, it is not suitable 

for use as a monopulse because the beam does not point in the 

endfire direction due to the ground effect. To overcome these 

shortcomings, we proposed a printed Yagi-Uda antenna that 

can be used as a monopulse radar antenna by applying a λ/2 

director to a missile warhead. 

II. ANTENNA DESIGN 

Fig. 1 shows the design structure of the antenna proposed in  

 

Fig. 1. Structure of the proposed antenna: (a) λ/4 director mono-

pole Yagi-Uda antenna, (b) transferred λ/2 director mono-

pole Yagi-Uda antenna, (c) four-array transferred λ/2 direc-

tor monopole Yagi-Uda antenna, and (d) missile warhead 

mounted shape. 

this study. Fig. 1(a) shows the structure with the front part re-

moved in the antenna proposed in [10]. This is to align the 

beam direction with the missile’s travel direction. The anten-

na director shown in Fig. 1(a) did not perform properly. To 

solve this problem, a λ/2 director is proposed, as shown in 

Fig. 1(b). The director attached to the ground was manufac-

tured with a 0.5 mm gap from the ground. The structure 

shown in Fig. 1(c) is the four-array version of the structure 

shown in Fig. 1(b). 

Fig. 1(d) shows the three-dimensional shape of the structure 

mounted on a warhead. The diameter of the bottom surface of 

the conical warhead was determined to be 29 mm. The antenna 

was attached to the back end in order to keep the beam direc-

tion of the antenna aligned with the missile direction. 

Fig. 2 shows the change in gain at 0° when the length of the 

director of the Fig. 1(c) antenna is swept. Below 0.4λ, it can be 

seen that the gain increases as the length of the director increas-

es. Above 0.4λ, it can be seen that the gain decreases as the 

length increases. This is because when the element length be-

comes larger than a certain length, it operates as a reflector ra-

ther than a director. Therefore, in this study, a director of 0.4λ 
length was designed with the maximum gain. Moreover, the 

gain change was simulated by changing the distance from the 

driven element from 0.5 to 2.5 mm in 0.5 mm increments. As a 

result, the difference between the maximum and minimum val-

ues was 0.33 dB. Accordingly, it was confirmed that the dis-

tance between the ground and the director does not have a sig-

nificant effect on gain. 

Fig. 3 shows the structure of the manufactured antenna. 

Coated paper was attached to both sides of the antenna to real-

ize curvature. Two of the antennas are used to detect the vertical 

plane, while the other two are used to detect the horizontal 

plane. 

 

Fig. 2. Realized gain at 0° according to director length. 
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(a) (b) 

Fig. 3. Manufactured antenna: (a) unfolded form and (b) folded 

form. 

III. SIMULATED AND MEASURED RESULTS 

Fig. 4 shows the simulated (CST Studio Suite, https://www. 

cst.com) current distribution of the antennas shown in Fig. 1(a) 

and (b). Fig. 4(a) shows that the current of the director does not 

flow independently and flows along the ground and does not act 

as a director. In contrast, the current flow shown in Fig. 4(b) 

reveals that the current of the director flows in the direction 

opposite to the feed and operates normally as a director. 

Fig. 5 shows the comparison between the S11 simulation value 

and the S11 graph of the four ports of the manufactured antenna. 

Both simulation and measurement values had excellent match-

ing characteristics of -20 dB or more at 9.375 GHz. The 

measured bandwidth was slightly narrower than the simulated 

bandwidth of 1,332 MHz, because the ground height of the  

 

(a) (b) 

Fig. 4. Current flow: (a) Fig. 1(a) antenna and (b) Fig. 2(b) antenna. 

 

Fig. 5. S11 of Fig. 1(c) antenna. 

manufactured antenna was larger than that in the simulation. 

As the area of the ground plane increases, this effect decreases 

relatively and thus the tendency of bandwidth increase decreases 

significantly as the ground plane effect is enhanced. In Fig. 6(a) 

and (b), the radiation patterns of the Fig. 1(a)–(c) antennas are 

compared and shown. When changing from the director struc-

ture in Fig. 1(a) to the director structure in Fig. 2(b), the 0° gain 

increased by 1.58 dBi from 4.36 dBi to 5.94 dBi. The four-array 

structure shown in Fig. 1(c) showed an even better gain of 6.24 

dBi. Fig. 6(c) and (d) show the comparison between the simula-

tion and the measured values. Result showed that the front 

beam pattern and gain were similar. Other directions had differ-

ent beam patterns, which are considered to be different in the 

feeding method of simulation and measurement. Table 1 shows 

the comparison of maximum gain between the simulation and 

measurement. It can be seen that all four ports have gains simi-

lar to the simulation. 

Fig. 6. Comparison of radiation patterns: (a) simulation E-plane 

comparison of Fig. 1(a)–(c) antennas, (b) simulation H-

plane comparison of Fig. 1(a)–(c) antennas, (c) E-plane 

comparison of Fig. 1(c) antenna simulation and measure-

ment, and (d) H-plane comparison of Fig. 1(c) antenna 

simulation and measurement. 
 

Table 1. Total efficiency levels and peak gains of the designed an-

tenna 

 

Maximum gain (dBi)

Simulation
Measurement

Port 1 Port 2 Port 3 Port 4

E-plane 6.24 6.41 6.19 6.18 6.35

H-plane 6.24 6.63 6.42 6.13 5.98
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IV. CONCLUSION 

In the present study, a four-array antenna was proposed for a 

small missile radar that can be mounted on a conical warhead. 

The antenna adopts the printed Yagi-Uda antenna as the basic 

structure to solve the complex structure, which is the disad-

vantage of the general Yagi-Uda antenna. In addition, a λ/2 

director was applied to improve the beam direction, which is a 

disadvantage of the printed monopole Yagi-Uda antenna. Un-

like the existing structure, the director is positioned in front of 

the ground so that current flows independently and can function 

as a director. As a result of the design, S11 has excellent match-

ing characteristics of -20 dB or more at the center frequency of 

9.375 GHz in the simulation and manufacture. In addition, in 

the case of the radiation pattern, it has a characteristic that is 

directed in the same direction as the missile travel direction, and 

in the case of gain, both simulation and production values have 

excellent performance of 6 dBi or more. As a result of the de-

sign, the simulation has a maximum gain of 6.24 dBi, and the 

manufactured antenna has a similar gain of 6 dBi or more. For 

this reason, the antenna proposed in this study can be mounted 

on a missile warhead and used as an antenna for radar. 
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I. INTRODUCTION 

Various types of experimental systems have been used to 

study the toxicology and carcinogenesis of animal exposure to 

electromagnetic waves [1]. A reverberation chamber (RC) is one 

of the most widely used facilities, which not only provides a sta-

tistically uniform field distribution within a specific volume, but 

also permits the animals to move freely around in their cages [2]. 

Although an RC offers a uniform distribution, obtaining an 

evenly distributed specific absorption rate (SAR) is another im-

portant aspect that should be accurately analyzed for individual 

animals within an RC. In [3], it was reported that the SAR de-

pends on certain parameters such as the polarization or rat ar-

rangement, which was investigated in an RC. In [4], using a rat 

phantom in an RC, the authors showed that a two-dimensional 

statistical SAR distribution can explain the corresponding dis-

tance between rats. However, despite these previous studies, 

there are still no practical guidelines for an optimum cage de-

ployment in a practical RC design, which should consider the 

overall effect of the incident polarization, angle, distance be-

tween rats, and arrangement. 

In this letter, we provide a new method for determining the 

optimum distance between rats to obtain even SAR levels 

among rats; this will be used in the RC design for a preliminary  
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Abstract 
 

We investigate the whole-body average specific absorption rate (WBA-SAR) of rats under various plane wave exposure characteristics, 
including different polarizations, incidence angles, distances between rats, and total number of rats. Unlike many other studies, we start 
our SAR analysis from one rat and expand it to 27 rats facing random directions in a three-dimensional area. In a one-rat analysis, we 
examine how the incidence direction and polarization affect the SAR of a single rat. Moreover, we look into how various incidence polari-
zations behave differently after they are transmited through a rat, the information of which is then used to analyze the effect of spacing 
among 27 randomly arranged rats. Next, we analyze the effect on spacing of the 27 rats deployed under a 52-plane-wave exposure, which 
is introduced to mimic a realistic reverberation chamber (RC) environment. We show the deviation in WBA-SAR according to the dis-
tance between rats, which provides guidelines for selecting the appropriate rat distance based on the number of animals and the exposure 
deviation within a limited working volume in an RC for large-scale experiments. 
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study promoted by a Korea – Japan joint animal study. Specifi-

cally, we analyze how the incident polarizations and angles affect 

the SAR of a single rat, which will then be expanded to a three-

dimensional (3D) random arrangement of 27 rats to examine 

the rat–distance effect on the SAR variations. 

II. METHODS 

The overall simulation setup used throughout this work is as 

follows: 

- Simulation program and data: Sim4Life (Zurich MedTech 

AG) [5] 

- Rat model: big male rat model with a straight tail (IT’IS 

Foundations) (Sprague Dawley, 567 g) 

- Incident wave: plane wave with a 1 V/m electric field at 900 

MHz 

- Analysis data: whole-body average SAR (WBA-SAR, μW/kg) 

The big male rat model used is shown in Fig. 1(a), where 

each face of the imaginary rectangular parallelepiped is touching 

the outermost body part of the rat. The distances (d) between 

neighboring rats are the same along the x-, y-, and z-axes, as 

shown in Fig. 1(b), and will be used for the 27-rat arrangement. 

III. RESULTS 

Fig. 2 shows how the incident angles and polarization of a plane 

  

wave affect the WBA-SAR of a single rat. We can see that, 

when the incident polarization is parallel to the rat axis (z-axis), 

and the incident angle is facing the maximum cross-section area 

of the rat, the WBA-SAR increases (see E1 and E4). On the 

contrary, for the perpendicular incidence (E2 and E3), the 

WBA-SAR is very low. 

We examine how the incident polarization perturbs the elec-

tric fields around the rat, as shown in Fig. 3 for two specific cas-

es of E3 and E4 under Φ = 0°. In both cases, there is strong in-

terference between the incident and scattered waves in region A, 

which produces high periodic oscillations. In region B, however, 

the scattering properties are extremely different from each other, 

and a rat under a z-polarized incidence induces a high shadow-

ing effect immediately behind the rat. In contrast, for y-

polarized incidence, the total E field is immediately restored to 

the incident level. Therefore, when we arrange a large number 

of rats in a particular area such as in an RC, we can expect that 

the SAR of each rat will be significantly affected by the incident 

polarization, direction, distance between rats, and the direction 

the rat is facing. 

To analyze the overall effect of these parameters, we arranged 

27 rats as shown in Fig. 4. For the arrangement, we first arranged 

 

 

 

(a) (b) 

Fig. 1. (a) Big male rat model and (b) rat distance for 27-rat 

arrangement shown in Fig. 4. 
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Fig. 2. WBA-SAR variations of a single rat for different incident

angles and polarizations. 
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(a) 

 
(b) 

Fig. 4. Arrangement of 27 rats for (a) regular directions and (b) 

facing random directions according to the random rotation 

angles defined in Table 1. 
 

all rats regularly in a 3 × 3 × 3 formation with the same dis-

tance (d) between rats. We then rotated each rat according to 

the random angles given in Table 1, where the center of rota-

tion of each rat is at the center of each rectangular parallelepiped. 

All rotation angles were chosen from uniformly distributed ran-

dom numbers using MATLAB such that none of the rats over-

lapped even at the minimum distance of d = 50 mm. A regular 

deployment, as shown in Fig. 4(a), is unrealistic considering the 

animals’ movement. However, the deployment of Fig. 4(b) is 

more realistic for a simulation. As shown in Fig. 5, the average 

WBA-SAR and the corresponding standard deviation (SD) of 

the 27 rats were analyzed for both regular and random deploy-

ments. Here, we used 52 incident plane waves coming from 

every 45° angle to mimic the environment in the RC. As the 

distance between rats increased in both deployments, the aver-

age WBA-SAR reached the WBA-SAR of one rat at d = 400 

mm because the shadowing effect gradually diminished for a 

larger spacing. In addition, note that there is a small difference 

between the average WBA-SARs of the regular and random 

deployments. 

In this study, the same spacing d was used for the x-, y-, and 

z-axes for a simple arrangement and calculation. However, in an 

actual experimental environment, in many cases, it is inevitable 

Table 1. Random rotation angles of each rat for the arrangement of 

Fig. 4(b) 

Rat no. θ (°) ϕ (°) Rat no. θ (°) ϕ (°)

1 62 169 15 60 19

2 65 315 16 138 159

3 15 30 17 135 300

4 32 269 18 67 323

5 140 290 19 32 70

6 50 345 20 150 0

7 162 66 21 10 110

8 21 215 22 134 190

9 178 108 23 60 60

10 97 48 24 31 359

11 127 76 25 37 0

12 150 250 26 163 107

13 155 25 27 122 50

14 40 60 - - -

 

Fig. 5. Average WBA-SAR of 27 rats. 

 

for different intervals to be used depending on the axis. The 

working volume of the RC designed and manufactured for the 

Korea–Japan joint animal study was 1.5 × 1.3 × 1.5 m3, and 

75 rats (one per cage) had to be placed within this limited space. 

The final distances between cages were 150 mm, 50 mm, and 

180 mm in the three directions, respectively. The SAR calcula-

tions were conducted, and the results for the 27 regular and 

random arrangements were 30.42 ± 1.4 μW/kg and 31.23 ± 

1.4 μW/kg, respectively. The average WBA-SAR was 0.6 dB 

lower than the single rat case, and the SAR value of each rat 

falls within ±5% of the average WBA-SAR of the 27 rats. In 

addition, we also found that the average WBA-SARs between 

regular and random deployments was no greater than 2.6%. 

IV. CONCLUSION 

In large-scale SAR experiments within a limited working 

x

y

z
d d
d
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volume of an RC, as the distance between objects (rats) increas-

es, the shadowing effect decreases, but requires a larger space. 

To provide the relation between the rat distance and exposure 

deviation (mean and SD), 27 rats in an RC were simulated ac-

cording to their deployments, which were drawn from a statisti-

cal analysis of their 3D arrangement. Using our results, we will 

reflect the distance of 150 × 50 × 180 mm3 between the cages 

in the RC design for the Korea–Japan joint animal study. In the 

future, we will carry out rat weight-based exposure simulations 

for 75 rats under the designed distance between rats. In addition, 

we expect that the proposed approach will be a helpful guideline 

for a practical RC design for large-scale experiments. 

 

This work was supported by the ICT R&D program of 

MSIP/IITP (No. 2019-0-00102, A Study on Public Health 

and Safety in a Complex EMF Environment). 
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I. INTRODUCTION 

Transmitarrays are one of the promising candidates for beam 

steering and polarization conversion at microwave and millime-

ter waves instead of the traditional phased arrays, which suffer 

from large insertion loss. Automotive radars, 5G networks, and 

some advanced military equipment require electronic scanning 

and a polarization converted beam. These types of antennas 

were extensively investigated in the last few years [1–12], and in 

[13], the first transmitarray was proposed, connecting upper 

patch and lower patch through a via for beam steering operation. 

Since then, different types of transmitarrays have been proposed 

by different authors. Transmitarrays consist of several periodical 

identical elements known as unit cells. The unit cell can be 

based on a frequency selective surface or microstrip patches, or 

they can be inspired by metamaterial structures. Transmitarrays 

can be fabricated using conventional printed circuit board (PCB) 

technology by etching different layers and then connecting 

those layers. They are very lightweight and planar, which makes 

them suitable for integration with other planar devices. Moreo-

ver, the feeding antenna for a transmitarray is kept separated and 

at a distance, making transmitarrays ideal for a greater degree of 

modularity in comparison to conventional phased array anten-

nas. A simple design, low fabrication design costs, greater flexi-

bility, low losses, and low-profile characteristics make the trans-

mitarray antenna system ideal for beam steering and polariza-
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Abstract 
 

This paper proposes a reconfigurable unit cell for a transmitarray operating at the X band. The unit cell consists of an active patch, a pas-

sive patch, and a phase shifter. The active patch has two PIN diodes that change the phase of 180° of the transmitted waves. The passive 

and active patches both have circular slots to enhance the bandwidth of the transmitted wave. We also propose a new type of experimental 

characterization technique to measure the performance of the unit cells at the X band without fabricating the entire transmitarray. Instead 

of a 1 unit cell as described in the literature, we propose 2 × 2 unit cells to measure the performance of unit cells using the X band wave-

guide. The waveguide consists of a WR-90 section and a rectangular to square waveguide transition section that can be fit to our proposed 

structure. A good agreement between simulated and measured results was found. 

Key Words: Beamforming, PIN Diode, Reconfigurable Unit Cell, Transmitarray. 
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tion conversion of waves, and they are preferable in comparison 

to phased array. The transmitarray antennas are also more at-

tractive when compared to reflect arrays [14–16] because waves 

are passed through the transmitarray, so they have no feed 

blockage. To achieve electronic beam steering, polarization con-

version, or frequency tuning characteristics, transmitarrays re-

quire different types of elements, such as PIN diodes, varactor 

diodes, microelectromechanical systems, liquid crystals, and 

more. Several types of unit cells have been proposed in recent 

years using PIN diodes [1, 3, 5, 10, 11], varactor diodes [7, 17], 

microfluidics [18], or MEMS [19], and it is crucial to under-

stand the performance of the unit cell before fabricating a com-

plete transmitarray structure. 

In this paper, a new type of very wideband 1 bit (0°/180°) 

electronically reconfigurable unit cell is proposed using PIN 

diodes. The size of the unit cell at X band is not comparable to 

the size of the X band waveguide. Thus, it is difficult to fabri-

cate a waveguide transition section from X band WR-90 to the 

size of the unit cell [1]. To overcome this, we propose a new 

type of experimental characterization procedure based on an X 

band waveguide rectangular to square transition section where 

we have used 2 × 2 unit cells instead of a 1 unit cell. The design 

of the rectangular to square waveguide transition section is very 

easy, and the proposed method is useful for determining the 

performance of unit cells at the initial stages, without having to 

fabricate the entire transmitarray. 

The remainder of this paper is arranged as follows. In Section 

II, the configuration and operating principle of the unit cell are 

discussed, and then the simulated performance of the unit cell is 

described in Section III. The waveguide transition section is a 

vital part of our design, and we describe the performance of the 

waveguide transition section with a WR-90 waveguide in Sec-

tion IV. Similarly, biasing lines for our 2 × 2 unit cells are crucial, 

so biasing lines and the configuration of the 2 × 2 unit cells are 

explained in Section V. The performances of the 2 × 2 unit cells 

with an X band WR-90 waveguide and the rectangular to 

square waveguide transition are discussed in Section VI. Finally, 

a conclusion of the total work is presented in Section VII. 

II. CONFIGURATION AND OPERATING PRINCIPLE OF  

THE UNIT CELL 

Fig. 1(a) shows the cross-sectional view of the proposed unit 

cell, and Fig. 1(b) shows the 3D view of the proposed unit cell. 

A passive circular-shaped patch antenna with an 8.8 mm di-

ameter that is loaded with a circular slot having a diameter of 

3.1 mm on the receiving side were considered for our design. A 

similar circular patch and slot on the transmitting side were also 

considered. The transmitting side of the patch has two PIN 

(a) 

(b) 

Fig. 1. (a) Cross-sectional view of the unit cell. (b) 3D view of the 

unit cell. 

 

diodes (MA4GP907; MACOM, Lowell, MA, USA), which 

are shown in Fig. 1(b). The diagram shows two circular type 

microstrip patches connected by metallized via holes located at 

their centers and separated by a ground plane and bonding film 

with permittivity of 3.88, loss tangent of 0.0236, and thickness 

of 0.1 mm. The diameter and height of the metallized via holes 

connecting the active patch and passive patch are 0.4 mm and 

3.3 mm, respectively. 

As shown in Fig. 1(b), the active microstrip antenna loaded 

with a circular type slot has two PIN diodes for phase switching 

operation. The passive microstrip antenna in Fig. 1(b) also has a 

circular slot to enhance operational bandwidth. A Taconic RF-

35 substrate with permittivity of 3.5, loss tangent of 0.0018, and 

height of 1.6 mm was considered for our proposed design. Ta-

ble 1 shows the dimensions of the proposed unit cell. Although 

two metallized via holes are sufficient for our design, we used 

four metallized via holes to keep the structure symmetrical. This 

configuration also reduces the cross-polarization level. One 

metallized via hole shown in Fig. 1(b) (forming the top of the 

active path to the bonding film) was used with the bias line that 

connects the PIN diodes and the power supply. The bias line 

has a width of 0.21 mm. Another metallized via hole (forming 

the top of the active path to bonding film) was kept as a dummy 

via hole. Both metallized via holes have a diameter of 0.4 mm  
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Table 1. Main features of the unit cell 

Parameter Value 

Unit cell size 15 mm × 15 mm 

Patch diameter 8.8 mm 

Slot diameter 3.1 mm 

Substrate Taconic RF-35 

(εr = 3.5, tanδ = 0.0018, h = 1.6 mm)

Bonding film εr = 3.88, tanδ = 0.0236, h = 0.1 mm

Diameter of connecting via 0.4 mm 

Diameter of bias vias 0.4 mm 

 

and a height of 1.6 mm. As shown in Fig. 1(b), the PIN diodes 

are connected in such a way that they always stay in opposite 

biased conditions for any single biasing signal. Therefore, the 

slot on the active patch always stays in a short-circuited condi-

tion on one side. 

III. SIMULATED PERFORMANCE AND EQUIVALENT  

CIRCUIT OF THE UNIT CELL 

The unit cell was simulated with the ANSYS Electronics 

Desktop simulator for both phase states. The unit cell was illu-

minated by a plane wave under normal incidence, with bounda-

ry conditions on the four walls of the boundaries. To present 

forward bias and reverse bias of the PIN diodes, an equivalent 

lumped RLC circuit model was used, and Fig. 2 shows the 

equivalent RLC circuit model of a PIN diode for the forward 

bias (L11 = 0.05 nH, R11 = 5.2 Ω for the forward bias condition, 

and for the reverse bias, L22 = 0.05 nH, R22 = 300 kΩ, C22 = 25 

fF). In this paper, we used the label State1 when the PIN Diode 

1 shown in Fig. 1(b) was in a reverse biased condition and PIN 

Diode 2 was forward biased. The opposite conditions were used 

for State2. The magnitude of transmission and reflection coeffi-

cients are depicted in Fig. 3, which shows that a -3 dB trans-

mission bandwidth for State1 was 1.08 GHz (8.82–9.9 GHz), 

while it was 1.02 GHz (8.81–9.83) for State2. There was a 

slight difference between the simulated performance of the 

magnitude of transmission and reflection coefficients for State1  
 

      
 

Fig. 2. Equivalent model of PIN diode for forward bias and reverse 

bias conditions. 

Fig. 3. Magnitude of S-parameters of the unit cell, obtained from 

the ANSYS Electronics Desktop simulations. 

 

and State2. This may be due to the effect of the opening diame-

ter on the ground plane, weak signal interaction between active 

and passive patches, and the asymmetric structure of the passive 

patch. The phases of the transmission coefficient are shown in 

Fig. 4. It can be seen that there was a phase shift of around 180° 

for State1 and State2 of the unit cell. At 9.1 GHz, phases of the 

transmission coefficients for State1 and State2 were 35.2° and  

-147.4°, respectively. The insertion loss at 9.1 GHz was -0.7 

dB. 

In Fig. 5, an equivalent circuit for the proposed unit cell is 

depicted. The slot-loaded circular patch on the top layer can be 

modeled by two impedances Z1 and Z2. Similarly, the slot-

loaded circular patch on the bottom layer can be modeled by 

two impedances Z6 and Z5. The patches on the top and bottom  

 

Fig. 4. Phases of the transmission coefficient of the unit cell ob-

tained from the ANSYS Electronics Desktop simulations. 
 

 

Fig. 5. Equivalent circuit of the 1 bit transmitarray unit cell. 
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layers are in the free space, which can be modeled as an ideal 

transformer with 377 Ω port impedance. The unit cell has two 

PIN diodes that are connected in such a way that while one 

PIN diode is in the forward bias condition, the other PIN diode 

is in a reversed bias condition. The forward bias and reverse bias 

conditions can be represented as equivalence impedances of Z4 

and Z3, respectively. Furthermore, the PIN diodes have a bulk 

volume that gives additional capacitance, and a series capaci-

tance C1 and shunt capacitance C2 are needed to compensate for 

the bulk volume of the PIN diodes. 

IV. DESIGN OF WAVEGUIDE TRANSITION SECTION AND 

ITS PERFORMANCE 

The geometry of the waveguide WR-90 with transition sec-

tion is shown in Fig. 6. The X band rectangular WR-90 wave-

guide has an opening area of 22.86 × 10.16 mm2. But our pro-

posed 2 × 2 elements transmitarray has an area of 30 × 30 

mm2, so it requires a transition section through which the signal 

can propagate at X band. Thus, we designed a rectangular WR-

90 to square waveguide transition section. The cross-sectional 

view of the waveguide transition section is shown in Fig. 6. The 

cut-off frequency of the WR-90 waveguide for TE10 mode is 

6.557 GHz, and the next highest order cut-off frequency for 

that waveguide is 13.114 GHz. The cut-off frequency for the 30 

× 30 mm2 section for the lowest order and next low order 

modes were 4.99 GHz and 6.24 GHz, respectively. However, 

because of the very small length of the transition section, the 

signal for the TE10 mode can propagate at the edge of the tran-

sition section without any significant attenuation.  

The transition section was fabricated with copper material 

and is shown in Fig. 7. In the ANSYS Electronics Desktop 

simulator, the complete waveguide setup was simulated, and it 

was measured with an Agilent vector network analyzer and rec-

tangular to square waveguide transition section. The simulated 

and measured transmission and reflection coefficients with the 

rectangular to square waveguide transition section are shown in 

Fig. 8. 
 

 

Fig. 6. The geometry of the waveguide transition section. 

   
Fig. 7. Fabricated waveguide transition sections. 

 

Fig. 8. Magnitudes of S11 and S21 with the transition section. 

 

V. DESIGN OF 2 × 2 ELEMENTS UNIT CELLS WITH  

BIASING LINE 

Before designing the whole transmitarray, it was necessary to 

fabricate and measure the performances of the unit cell using 

the waveguide. To do this, we designed and fabricated 2 × 2 

1-bit unit cells instead of a single 1 bit unit cell because of the 

simplicity of the waveguide transition section for 2 × 2 1-bit 

unit cells. Fig. 9, the top view of our proposed unit cells, shows  
 

    
Fig. 9. Schematic top view of the 2 × 2 1-bit unit cells. 
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that the total structure was 70 × 70 mm2. The large ground 

plane of 50 × 50 mm2 and two rows of metallized via holes 

with a diameter of 0.4 mm each ensured continuity of the wave-

guide wall through the prototype. 

There are four circular patches, each of which has two PIN 

diodes. A 10 V power source was used to feed the basing net-

work for 2 × 2 unit cells. An inductor of 1.4 nH and a resistor 

of 200 Ω (self-resonant frequency at 10 GHz) were used to 

suppress the effect of the bias network. Fig. 10 shows the bias-

ing line of our design. The biasing lines were kept inside the 

structure to minimize their effect on the unit cell performances, 

and it was found through simulation that the biasing line had 

no significant effect on the unit cell performances. As shown in 

Fig. 9, there are five connection lines: four connect to eight PIN 

diodes, and one is for the ground plane.  

Fig. 11 shows the bottom view of the proposed 2 × 2 1-bit 

unit cells with four passive patches that receive the signal from a 

source and send to the active patch through the central metallized 

 

Fig. 10. Schematic of the biasing lines for our 2 × 2 1-bit unit cells. 

 

Fig. 11. Schematic bottom view of the 2 × 2 1-bit unit cell. 

via hole. The top and bottom views of the fabricated prototype, 

with PIN diodes, chip inductor, and chip resistor, are shown in 

Fig. 12(a) and (b), respectively. 

VI. EXPERIENTIAL CHARACTERIZATION OF  

4-ELEMENT UNIT CELLS 

Fig. 13 shows the complete setup used to measure the per-

formance of the 2 × 2 1-bit unit cells. This included an Agilent 

vector network analyzer, two X band WR-90 waveguides, two 

rectangular to square waveguide transition sections, and a volt-

age source. The voltage source was set at 10 V so that sufficient 

current could pass through the forward-biased PIN diode. The 

vector network analyzer was calibrated using the through-

reflect-line (TRL) method. Fig. 14 shows the simulated and 

measured magnitudes of transmission coefficients for State1, 

and Fig. 15 shows the simulated and measured magnitudes of 

transition coefficients for State2. 

At 9.1 GHz, the simulated and measured magnitudes of 

transmission coefficients for State1 were -1.8 dB and -1.4 dB, 

respectively. At the same frequency, the magnitudes of transmis-

sion coefficients were -1.6 dB and -1.6 dB, respectively, for 

State2. Thus, there was little difference between the simulated 

and measured results across the bandwidth. This can be due to 

 

 
(a) 

 
(b) 

Fig. 12. Fabricated 2 × 2 1-bit unit cells with PIN diode, chip in-

ductor, and chip resistor: (a) top view, (b) bottom view. 

 

Fig. 13. Measurement setup with VNA and power supply. 
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Fig. 14. Simulated and measured magnitudes of transmission coef-

ficient for State1. 

 

Fig. 15. Simulated and measured magnitude of transmission coeffi-

cients for State2. 

 
fabrication errors in the unit cells and adding a coating material 

to the top and bottom layers during fabrication. The simulated 

and measured phases of the transmission coefficients for State1 

and State2 are provided in Fig. 16. Using a Floquet mode ap-

proach, the simulated results showed -3 dB bandwidth for 1.08 

GHz. Figs. 14 and 15 show narrowly different simulated and 

measured results using the waveguide and the rectangular to 

square waveguide transition. These differences were due to the 

imperfect rectangular to square transition section. 

 

Fig. 16. Simulated and measured phases of transmission coefficients 

for State1 and State2. 

We compared our proposed unit cell with the 1 bit unit cells 

(having PIN diodes) shown in Table 2, which were used in ear-

lier studies found in the literature. Our proposed 1 bit trans-

mitarray has two PIN diodes, while most of the previously pro-

posed 1 bit unit cells had varactor diodes. However, to make a 

unit cell completely digital, one needs to use a PIN diode. Most 

1 bit unit cells have very narrow transmission bandwidth. For 

instance, [1] reported a bandwidth of 1.50 GHz with an inser-

tion loss of -1.87. Our proposed transmitarray has a bandwidth 

of 1.08 GHz with an insertion loss of - 0.7 dB. As shown in 

Fig. 17, the unit cell simulated in free space using the Floquet 

mode shows good agreement with the results of the unit cells 

simulated using a waveguide transition. This shows that meas-

uring in this way gives accurate results.  

VII. CONCLUSION 

In this paper, a new type of electronically reconfigurable unit 

cell with two phase states was proposed. The proposed cell had 

a 1.08 GHz transmission bandwidth with constant phase shift 

and low insertion losses in the operating bandwidth. A circular 

patch and a circular type slot were used for this unit cell. 

We also proposed a new method for experimental characteri-

zation of a transmitarray using the 2 × 2 1-bit unit cell. The 

prototype was tested successfully using an X band waveguide 

and rectangular to square waveguide transition section. This  
 

Table 2. Comparison of our proposed unit cell with other unit cells 

(considering 1 bit unit cell with PIN diode) 

 

Transmission 

bandwidth 

(GHz) 

Insertion 

loss 

(dB)

Unit cell size 

(mm2) 

Proposed unit cell 1.08 -0.70 0.45λ × 0.45λ
Clemente et al. [1] 1.50 -1.87 0.5λ × 0.5λ
Nguyen and Pichot [10] n/a n/a 0.54λ × 0.54λ
 

Fig. 17. Simulated magnitudes of transmission coefficients for State1 

in free space and in the waveguide model. 
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method allows for checking the performance of the unit cells 

initially without having to fabricate an entire transmitarray an-

tenna. A large array of this unit cell placed in front of a conven-

tional horn antenna or any other suitable antenna with a specific 

focal length to diameter ratio can be used as a beamforming 

module, and the unit cell characterization method described in 

this paper can be applied to any type of unit cell in a transmitar-

ray. The proposed transmitarray is only our initial work. We 

would like to design a transmitarray with a horn antenna, which 

will have both beam steering and polarization conversion prop-

erties. The circular-shaped allows us to make polarization con-

version happen at the same frequency band because of its sym-

metrical structure. This cannot be achieved using a rectangular 

patch, because it is impossible to obtain vertical linearly polar-

ized and horizontal linearly polarized beams at the same fre-

quency band. 
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I. INTRODUCTION 

One of the important functions of a radar system is the detec-

tion of a fast-moving target launched from the ground. The 

probability of detecting a target is mostly determined by param-

eters such as the frequency band, antenna type, and waveforms. 

A radar system is capable of sequentially allocating a pencil-

shaped beam to sectors along a horizontal line. When a 

launched object passes over the sectors, the radar system can 

detect it, track its path, and provide queuing information (posi-

tion, direction, speed, etc.). A radar system needs to recognize 

the presence of a rapidly moving target before it quickly passes 

through the search sector. For such an application, the minimum 

detection range is a function of various parameters such as target 

speed and launch angle, including the pulse repetition interval 

(PRI), beamwidth, and dwell time. However, previous studies 

have focused on the calculation of the minimum range based on 

the blindness of the receiver, which is determined by the trans-

mit pulse width [1]. Alert–confirm detection has been investi-

gated with respect to optimum dwell time and reduced false 

alarm probabilities [2]. However, to the best of our knowledge, 

no comprehensive research has been conducted that focused on 

the range of detection and took into account the characteristics 

of the target. 

In this letter, the minimum detection range of a radar system 

is studied based on the geometry of the target. A radar system 

often fails to detect a rapid object at a short range that is greater 

than the one calculated by the blindness of the receiver. This 

work deals with a projectile that can move at a speed of hun-

dreds of meters per second. In order to avoid missing such a 

target, it is necessary to provide guidelines on the minimum 

detection ranges for rapidly moving targets. This letter discusses 
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theoretical derivations and parametric studies on the mini-

mum detection range, as well as the results of field tests that 

were conducted to validate the calculations. 

II. DERIVATION OF MINIMUM DETECTION RANGE 

The minimum detection range can be derived as an aspect 

of the pulse width of the transmitter and the geometries of 

the target detection. First, a receiver is restricted to listening 

to returning echoes during the pulse width of the transmitter. 

This blindness of the receiver leads to a minimum detection 

range of 
 

   
(1)

 

 

where 𝜏t is the pulse width of the transmitter, and c is the 

speed of light. Second, the detection range is derived from 

the geometry of the detection as described in Fig. 1. 

In order to meet the requirements for the probability of 

detection, an adequate number of PRI beams must be in use 

when the target passes through the sectors along a horizontal 

line. Thus, the time duration Tpass can be defined as 
 

 (2)

 

The scanning time duration Tscan can be written as 
 

 

 (3)
 

where Nsector is the number of sectors covered by the radar 

above the horizontal line, and Tdwell is the length of time that 

a pencil beam dwells in each sector. The duration that Tpass 

will be passing through the beam cross-section can then be 

calculated based on the geometries depicted in Fig. 1 by us-

ing Eq. (4). 
 

 

(4)
 

Fig. 1. Geometries of a rapidly moving object. 

where Mv and θt are the speed and launch angle for the ob-

ject, respectively, and R and θel are the detection range from 

the radar system to the object and the 3 dB beamwidth for 

the radar system, respectively. The angle  ′ is the elevation 

angle between the ground and the target. For surveillance 

radar systems, the detection is made along a horizontal line, 

which assumes that the angle  ′ is zero. The parametric 

studies discussed in Section III were performed based on the 

assumption that substituting Eqs. (3) and (4) into Eq. (2) 

will produce the detection range R (Table 1). The minimum 

detection range Rmin can be defined as the smallest detection 

range R by using the following equation. 
 

 
(5)

 

The derivation in Eq. (5) is based on the assumption that 

the signal-to-noise ratio (SNR) is satisfied because the detec-

tion range of interest is much closer than the maximum one. 

The minimum detection range in Eq. (5) can be used when 

the range is greater than the blind range in Eq. (1). 

III. PARAMETRIC STUDIES ON THE DETECTION RANGE 

It is desirable to reduce the minimum detection range in 

terms of the operational aspects of a target detection system. 

In principle, the minimum detection ranges can be defined 

based on Eq. (1), as with the representative examples provid-

ed in the following: 

 

i) PRI = 350 μs, Tx pulse width = 35 μs, and Rmin = 5.25 km. 

ii) PRI = 200 μs, Tx pulse width = 20 μs, and Rmin = 3 km. 

 

When the above ranges are smaller than the ones obtained 

from the geometries of the rapidly moving object, the radar sys-

tem is likely to miss the target at the above range. The geometry  

 

Table 1. Typical parameters of detection systems and objects 

Parameter Value

Mv (m/s) 300-800 

θt (deg) 30-60

Tdwell (ms) 7.1-9.1 

θel (deg) 1-7

NPRI 3-5

Nsector 25-40

Rmin =
τ tc
2

Tpass ≥ N PRI × Tscan

Tscan = Nsector × Tdwell
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Fig. 2. Minimum detection range in terms of Mv and θt. 

 

Fig. 3. Minimum detection range in terms of Tdwell and θel. 
 

 

of the target can be emphasized more for a system in which 

it is required to detect a projectile moving at high speeds. 

The first case of the study was the calculation of the mini-

mum range according to the launched angle and the speed of 

the projectile. As illustrated in Fig. 2, when the launch angle 

was increased, the minimum range also increased due to a 

reduction of Tpass for each beam sector. In addition, it was 

observed that a faster target led to a higher minimum detec-

tion range. The parameter settings Tdwell =  7.1 ms, θel  =  2.0°, 

Nsector  =  30, and NPRI  =  5 were used for this case study. The 

second case involved the settings of the beamwidth and dwell 

time. As shown in Fig. 3, the exploitation of a greater beam-

width allowed the Tpass in each beam sector to be increased. It 

was observed that an increase in the duration Tpass reduced 

the minimum detection range. In contrast, the use of a long-

er dwell time increased an entire duration of the search with 

all beam sectors. The longer dwell time led to the increase in 

the minimum detection range. Note that the parameter set-

tings θt  =  46°, Mv  =  300 m/s, Nsector  =  30, and NPRI =  5 

were used in this evaluation. 

The third case was the calculation of the minimum detec-

tion range in terms of the number of sectors and PRI beams. 

Fig. 4 depicts the variation of the minimum detection range 

with respect to the number of sectors and PRI beams. The 

minimum detection range increased as the number of sectors 

and/or PRI beams increased. This is because more assigned 

sectors and PRI beams led to an increase in the search dura-

tion. The parameter settings Tdwell  =  7.1 ms, θel  =  2.0°, θt  = 

 46°, and Mv  =  300 m/s were used in the last case study. 

The field test was performed using the prototype of a ra-

dar system. Fig. 5 shows the trajectory of a projectile ob-

tained by the field test. The radar system tracked a flying 

projectile until the detection range was as short as possible. 

The distance between the radar system and the origin of the 

object was set as 5 km, and the validity of the calculated min-

imum range Rcal was verified by comparing it to the mini-

mum range Rmea measured in the field test. The minimum 

detection range obtained from the trajectory in Fig. 5 is the 

first case provided in Table 2, which reveals that both cases 

showed agreement at less than 5% deviation. This radar sys-

tem was designed to search and track above the horizontal 

line to reduce adverse effects from geometric clutter. The 

short-range detection is less affected by time variances in 

atmospheric reflectivity and any estimation error. 

 

Fig. 4. Minimum detection range in terms of Nsector and NPRI. 

 

Fig. 5. The projectile trajectory as measured with a field test. 

z =
R 

sin
 θ
′[

m
]

θ″ : Tilted beam angle
in the azimuth plane

Rmin = 3837 m
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Table 2. Comparison of calculated and measured results 

 Rcal (km) Rmea (km)

Case 1 (Mv = 297 m/s, θt  = 18°, NPRI  = 4) 3.62 3.8

Case 2 (Mv = 350 m/s, θt  = 23°, NPRI = 4) 5.35 5.4

 

IV. CONCLUSION 

In this letter, a simple equation for the minimum detec-

tion range of a rapidly moving target was derived based on 

the geometry of the rapid movement. The use of this formula 

means that parametric studies could be performed to deter-

mine the minimum detection range, and our field test results 

validated the effectiveness of the equation. 
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Erratum to “Characterization of a 1 mm (DC to 110 GHz) 

Calibration Kit for VNA” 
Chihyun Cho* ∙ Jin-Seob Kang ∙ Joo-Gwang Lee ∙ Hyunji Koo 

 
 

   

  

In the paper entitled “Characterization of a 1 mm (DC to 110 GHz) Calibration Kit for VNA (Journal of Electromagnetic 
Engineering and Science, vol. 19, no. 4, pp. 272–278, 2019)”, a typographical error occurred in Equation (7). The correct 

equation follows: 
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