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I. INTRODUCTION 

Microwave dielectric heating is known to be useful because of 

its merits, such as local, its instant, and efficient heating com-

pared with traditional heating methods [1–5]. The traditional 

method heats a material gradually from its surface, which delays 

the temperature rise. In contrast, microwaves can pass through 

the vessel and heat a target directly, causing an immediate tem-

perature rise [5–9]. Heating a target in a small container less 

than 1–2 cm is challenging because the microwave source be-

comes expensive and bulky for the container resonant frequency, 

which becomes greater than 10 GHz. The goal of this study is 

to reduce the cavity resonant frequency to less than 10 GHz so 

that the microwave source is available at a reasonable expense 

and size without increasing the container size. We propose to 

insert a high-permittivity background material into the cavity to 

reduce the container resonant frequency and to apply an appro-

priate mode to concentrate the electric field on the target mate-

rial. In this paper, we present a new analytical formula for a cy-

lindrical cavity loaded with multiple dielectric materials and 

compare the result with a simulation and an experiment using a 

vector network analyzer (VNA). 
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Abstract 
 
This paper presents a microwave heating method using a cavity whose size is much smaller than the free-space wavelength. The resonant 

frequency was reduced by inserting multi-layer dielectrics into the cavity, and an appropriate mode was generated in the cavity to heat a 

specific area inside it. High-permittivity dielectrics were used to make the cavity resonate in the frequency range of a few gigahertz. A 

formula for the resonant frequency of the multi-layer dielectric material-loaded cylindrical cavity was analytically derived. The frequency 

reduction by using a dielectric-loaded cylindrical cavity geometry was predicted from the derived formula, from 12.2 GHz to 4.6 GHz, 

whereas the experiment results showed a reduction from 10.8 GHz to 4.5 GHz. The analytical and the experiment results were compared 

and analyzed with simulations, which showed good agreement. The heating efficiency at the target in the multi-layered dielectric geome-

try was analyzed. The electric field inside the target material was measured to prove the temperature response of the microwave heating 

and was compared with the simulation result. This paper confirms a technical possibility of microwave heating of a smaller-sized cavity 

with an insertion of low-loss dielectric material in the vicinity of a heating target. 

Key Words: Dielectric Heating, Frequency Shifting, Microwave Heating, Multi-Layer Cavity, Resonant Cavity. 
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 II. ANALYTICAL FORMULA FOR RESONANT  

FREQUENCY 

The resonant frequency is determined by the geometry of the 

cavity, permittivity, and permeability of the dielectric material 

inside the cavity. It can be expressed as Eq. (1): 
 𝑓௡௠௟ ൌ 𝑐2𝜋√𝜀௥ ඨቀ𝑝௡௠𝑎 ቁଶ ൅ 𝑘ଶ

       ൌ 𝑐2𝜋√𝜀௥ ඨቀ𝑝௡௠𝑎 ቁଶ ൅ ൬𝑙𝜋𝑑 ൰ଶ , (1)
 

where a is radius, d is height, c denotes the speed of light, k sig-

nifies the wave number, l is the integer number, and pnm is the 

mth root of Jn(x), the Bessel function of the first kind with order 

n. We assume that the relative permeability of dielectrics is 1. 

When more than two dielectric materials are loaded in the cavi-

ty, the formula should be modified according to the shape and 

the location of the dielectric materials. In Fig. 1(a), a double-

layer dielectric material is inserted in the form of a cylinder, with 

radii a and b, corresponding to the target and the background 

material radii. 
When l is equal to zero, wave equations can be expressed as 

follows [10]: 
 ቆ 𝜕ଶ𝜕𝜌ଶ ൅ 1𝜌 𝜕𝜕𝜌 ൅ 1𝜌 𝜕ଶ𝜕𝜙ଶ ൅ 𝑘௧ଶቇ 𝑒௭ ൌ 0, 𝑓𝑜𝑟   0 ൑ 𝜌 ൑ 𝑎 

(2) 

ቆ 𝜕ଶ𝜕𝜌ଶ ൅ 1𝜌 𝜕𝜕𝜌 ൅ 1𝜌 𝜕ଶ𝜕𝜙ଶ ൅ 𝑘௕ଶቇ 𝑒௭ ൌ 0, 𝑓𝑜𝑟   𝑎 ൑ 𝜌 ൑ 𝑏, 
(3) 

 

where 𝜀௧ and 𝜀௕ denote the permittivity of the target and the 

background materials, and 𝑘଴, 𝑘௕, and 𝑘௧ represent the wave 

numbers for the free space, the background material, and the 

target material, respectively. The solutions of Eqs. (2) and (3) are 
 𝑒௭ ൌ ൫𝐴sinሺ𝑛𝜙ሻ ൅ 𝐵cosሺ𝑛𝜙ሻ൯𝐽௡ሺ𝑘௧𝜌ሻ,    𝑓𝑜𝑟   0 ൑ 𝜌 ൑ 𝑎 𝑒௭ ൌ ൫𝐶sinሺ𝑛𝜙ሻ ൅ 𝐷cosሺ𝑛𝜙ሻ൯𝐽௡ሺ𝑘௧𝜌ሻ,    𝑓𝑜𝑟   𝑎 ൑ 𝜌 ൑ 𝑏 ℎథ ൌ െ 𝑗𝜔𝜀𝑘௧ ൫𝐴sinሺ𝑛𝜙ሻ ൅ 𝐵cosሺ𝑛𝜙ሻ൯𝐽௡ᇱ ሺ𝑘௧𝜌ሻ,   𝑓𝑜𝑟   0 ൑ 𝜌 ൑ 𝑎 ℎథ ൌ െ 𝑗𝜔𝜀𝑘௕ ൫𝐶sinሺ𝑛𝜙ሻ ൅ 𝐷cosሺ𝑛𝜙ሻ൯𝐽௡ᇱ ሺ𝑘௕𝜌ሻ,    𝑓𝑜𝑟   𝑎 ൑ 𝜌 ൑ 𝑏. 

(4) 
 

For the TM010 mode, 𝑒௭ and ℎథ should be continuous at 𝜌 ൌ 𝑎, and 𝑒௭ should be zero at 𝜌 ൌ b. With these boundary 

conditions and from Eq. (4), k0 can be calculated by satisfying 

Eq. (5): 
 ඥ𝜀௧𝑘଴ 𝐽଴ሺඥ𝜀௧𝑘଴𝑎ሻ𝐽ଵሺඥ𝜀௧𝑘଴𝑎ሻ െ 𝑝଴ଵ𝑏 𝐽଴൫ඥ𝜀௕𝑘଴𝑎൯𝐽ଵ൫ඥ𝜀௕𝑘଴𝑎൯ ൌ 𝑓ሺ𝑘଴ሻ ൌ 0. (5)

 𝐽௠ሺ𝑥ሻ is the Bessel function of the first kind with order m, 

and p01 is the first solution of 𝐽଴ሺ𝑥ሻ. The formula for the reso-

nant frequency of the dielectric material-loaded cavity is Eq. (6), 

with k0 satisfying Eq. (5): 
 

       𝑓 ൌ ௞బ௖ଶగ . (6)
 

III. DESIGN OF THE CAVITY AND EXPERIMENTAL SETUP 

The cavity under study is shown in Fig. 1(b). The cavity is 

filled with a target material and a background material, and the 

cover has a hole for inserting the target material. To study the 

resonant frequency change with the insertion of dielectric mate-

rials, two cases are considered. When the target and the back-

ground materials are of the same kind, this is the case of a one-

layer sample. A double-layer sample is considered in case the 

target and the background materials are of different kinds. Both 

the cavity diameter and the height are fixed at 19 mm. Fig. 1(c) 

and 1(d) show photos of the fabricated cavity and an alumina 

sample, respectively. The dielectric permittivity of the alumina 

sample is 9.7, and the loss tangent is 0.0001. A VNA (N5247A; 

Keysight Technologies, Santa Rosa, CA, USA) is used in the 

experiment. 

IV. SIMULATION AND EXPERIMENT RESULTS 

Fig. 2(a) shows the reflection coefficients of the simulation 

and the experiment with the unloaded cavity to check its reso-

 
 

 
Fig. 1. (a) Diagram of target and background materials in a cylin-

drical cavity. (b) Simulation model of the cavity. (c) Fabri-

cated cavity and backside of a cover. (d) All-background 

alumina sample. 
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nant frequency. The simulation was performed by using CST 

Microwave Studio 2020 [11]. The resonant frequency was 

around 11 GHz in the simulation with the TM010 mode, and 

it was 10.86 GHz in the experiment. The resonant frequencies 

were shifted to lower values when both the one-layer and the 

double-layer alumina samples were loaded in the cavity, as 

shown in Fig. 2(b) and 2(c). The target material in Fig. 2(c) was 

set as air so that it had the lowest permittivity to analyze a basic 

case of the frequency shift. Table 1 shows the detailed results 

regarding the frequency shift.  
The field pattern of the cavity is shown in Fig. 3. In Fig. 3(a) 

and 3(b), the cavity is one layer filled by alumina, and the reso-

nant frequency is 3.66 GHz, the same as the peak in Fig. 2(b). 

Despite the field distortion because of the cover of the cavity 

and the probe, TM010 is obviously the main mode. Fig. 3(c) 

and 3(d) show the case of the double layer with a frequency of 

4.26 GHz. 

According to the derived formula, the resonant frequencies of 

the one-layer and the double-layer cavities were lowered by 

more than a factor of 2 compared with the unloaded cavity with 

the resonant frequency of 12.2 GHz. The analytical resonant 

frequency results were slightly higher than the simulation results 

because the simulation setup considered a probe and an insula-

tor existing in the wall of the cavity, whereas these elements 

were not taken into account in the analytical formula. In fact, 

when the all-background loaded cavity was simulated in the 

eigenmode simulation without any parts, such as a probe and an 

insulator, its resonant frequency was around 3.92 GHz, which 

would explain the frequency mismatch between the analytical 

and the simulation results [12, 13].  
The discrepancy between the simulation and the experiment 

results is caused by the air gap between the cover and the fabri-

cated alumina sample; a 0.17-mm air gap exists between the 

cover and the fabricated sample, whereas the simulation model 

has no air gap. Fig. 4(a) shows the possible air gaps between the 

 
Fig. 2. S11 measurement results by VNA: (a) the cavity is not load-

ed with any dielectric material, (b) the cavity is loaded with 

alumina as both target and background materials (one-

layer), and (c) the cavity is loaded with alumina as the back-

ground material and air as the target material (double layer).

 

 

 
Fig. 4. (a) The air gap between the cover and the fabricated alumina 

sample. (b, c) The simulation results of the frequency shifting as 

reflecting the air gap in the one-layer and the double-layer cases.

Table 1. Resonant frequencies of unloaded, one-layer, and double-

layer cases 

 
Unloaded 

(GHz) 

Shifted from unloaded (GHz)

One-layer Double-layer

Analytical formula 12.2 3.92 

(68% shifted) 

4.6 

(62% shifted)

Experiment 10.86 4.10 

(62% shifted) 

4.50 

(58% shifted)

Simulation 11.0 3.66 

(67% shifted) 

4.26 

(61% Shifted)

 
Fig. 3. (a, b) E-field and H-field patterns of TM010 in the one-

layer case. (c, d) E-field and H-field patterns of TM010 in 

the double-layer case. 




