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I. INTRODUCTION 

High-frequency asymptotic methods have been widely uti-

lized to estimate electromagnetic scattering from an electrically 

large target [1–3]. For instance, these methods have been used in 

the design and analysis of antennas, estimation of the radar cross 

sections (RCS) of radar targets [1], prediction of propagation 

channels in complex environments [2], and analysis of antenna 

installation and inter-antenna coupling [3]. With the recent 

introduction of a variety of communication applications, interest 

in high-frequency methods, such as geometrical optics (GO), 

geometrical theory of diffraction (GTD), uniform theory of 

diffraction (UTD), physical optics (PO), and physical theory of 

diffraction (PTD) [4], has only increased.  

GO, which is based on ray optics, accounts for direct and re-

flected ray fields. The reflected ray field in GO comprises non-

zero fields only in the specular direction and is characterized by 

discontinuity of the field at the shadow boundaries. In contrast, 

the diffracted ray field, propelled by the UTD, can provide a 

nonzero field even in shadow regions. On the other hand, PO 

yields surface reflection from a finite surface using GO surface 

currents and the fringe currents given by the PTD provide edge 

correction for the PO. Therefore, the total scattered field can be 

calculated as the sum of the PO scattered field and the fringe 

field, also known as the PO edge-scattered field. 

Since both the GTD and PTD are based on the postulate 
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Abstract 
 

This paper proposes a novel incremental theory of diffraction (ITD) formulation to calculate the fringe field from a wedge characterized 

by impedance surfaces and arbitrary exterior angles. The ITD formula was originally based on the Fourier transform pair relationship be-

tween the solution for the canonical wedge problem and incremental field contribution. However, this procedure can be utilized to report 

the ITD formula only for planar and half-planar impedance surfaces. Therefore, this paper develops a heuristic ITD formula by conceptu-

ally deriving the incremental diffracted field contribution from the uniform theory of diffraction coefficient and inferring the physical op-

tics edge-diffracted field contribution from the terms related to the incidence shadow and reflection shadow boundaries. The proposed 

formula is applied to simple triangular impedance cylinder and disk models with impedance surfaces, and the results are compared with 

those of the method-of-moment and VIRAF’s ITD solver to show that is performs similar to the former and better than the latter. 
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that high-frequency scattering is either a local phenomenon or a 

superposition of a local phenomenon, it is not without limita-

tions. For instance, caustic singularities are applicable when the 

observation points are located at a caustic site or outside the 

cones of diffraction. To address this problem, researchers have 

devised incremental theories for edge bodies. In this context, 

while incremental length diffraction coefficients (ILDC) [5], 

equivalent edge currents [6], and equivalent edge waves [7] de-

duce incremental field contributions from the currents of local 

canonical wedge problems, the equivalent current method and 

the incremental theory of diffraction (ITD) [8] use incremental 

field contributions deduced from the fields of local canonical 

wedge problems. 

These high-frequency methods have been developed to en-

sure perfectly conducting objects and wedges. Furthermore, in 

response to the growing interest in designing targets with low 

radar cross-sections and estimating wave propagation in com-

plex environments using various non-perfectly conducting ma-

terials, reflection and diffraction solutions for non-perfectly 

conducting surfaces and wedges have been proposed in the liter-

ature [9–15]. Notably, since Maliuzhinets [9] first developed a 

diffraction solution for wedges with impedance boundary con-

ditions (IBCs), most diffraction coefficients for impedance sur-

face wedges have been based on Maliuzhinets’ solution. Howev-

er, since Maliuzhinets’ solution is a normal incidence solution 

that is complex to use, heuristic diffraction coefficients have 

primarily been utilized. 

For ray-based methods, such as ray launching GO, the total 

scattered field can be obtained by summing the GO field and 

the diffracted field, calculated by multiplying the diffraction 

coefficient and the incident field. Meanwhile, PO-based meth-

ods, such as the shooting and bouncing rays method, require 

calculating the fringe field, which can be obtained by subtracting 

the PO edge-diffracted field from the diffracted field. This indi-

cates that calculating the fringe field from an arbitrary wedge 

with impedance surface necessitates additional formulas for the 

PO edge-diffracted field as well as for the diffraction coefficient 

of the diffracted field. However, there is limited literature availa-

ble on estimating the fringe field from an impedance surface 

wedge with an arbitrary external angle. 

Syed and Volakis [10, 11] derived an approximate dyadic dif-

fraction coefficient for an impedance wedge by approximating 

the near-normal incidence or small wedge angle, presenting the 

ILDC for a curved wedge, and then developing the PO diffrac-

tion coefficient through the lower-limited integration of the PO 

surface current. The results of this formula agreed well with 

those of the method-of-moment (MoM), although the formula 

itself, especially the diffraction coefficient, was quite cumber-

some to use and had to be expressed differently depending on 

the observation point. 

In response to these challenges, explicit ITD formulations 

have been developed to successfully derive the fringe field of 

perfect equivalent conductor (PEC) local wedges, PEC local 

thin circular cylinders, and double local edges [8, 16, 17]. More-

over, a closed-form ITD formula for a wedge with specific exte-

rior angles, such as a plane (n = 1) and a half-plane (n = 0.5) [12, 

13], has also been introduced. However, to the best of the au-

thors’ knowledge, the literature has yet to report any ITD for-

mula applicable for a wedge comprising impedance surfaces 

with arbitrary external angles. However, without specific expla-

nation or formulation, the ITD solver for an arbitrary wedge 

with impedance surfaces is implemented in IDS’s Virtual Air-

craft Framework (VIRAF)—an electromagnetic modeling and 

simulation tool—to capture the fringe field generated from a 

wedge with an impedance surface. 

Based on explicit ITD formulations for PEC wedges, this 

paper proposes heuristic ITD formulations to estimate the 

fringe field from local edges with impedance planar surfaces. 

The main contributions of this study are as follows: • It proposes heuristic ITD formulations for arbitrary wedg-

es with impedance surfaces. • It establishes the dyadic diffraction coefficient and the PO 

diffraction coefficient based on the original explicit ITD 

formulation and UTD diffraction coefficients. • The dyadic and PO diffraction coefficients are simple in 

form and are well matched with each other. • The proposed heuristic ITD formula is validated by com-

paring its fringe field with those of the VIRAF ITD solver 

and MoM/IBC PO. 

The remainder of this paper is organized as follows: Section 

II describes the formulations of previously proposed explicit and 

proposed heuristic ITDs, Section III presents the simulation 

results to illustrate the bistatic RCS of the fringe field from a 

triangular impedance cylinder and impedance disk, and Section 

IV concludes the paper. 

II. FORMULATIONS 

1. Review of Explicit ITD for PEC Wedge 

A scattered field from a PEC wedge [8] can be expressed as 

the sum of the fringe field and the PO field. As shown in Fig. 1, 

the fringe field generated by an actual wedge can be considered 

a superposition of the incremental fringe field contribution from 

local uniform, infinite, and canonical wedges. In a conventional 

ITD, the fringe field (E ) is obtained from the line integral of 

the incremental fringe field contribution ( F ) arising from the 

canonical wedge along the shadow boundary lines (SBLs), as 

follows: 
 E = F 𝑄 𝑑𝑙 =    F 𝑄 − F 𝑄 𝑑𝑙, (1)
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where F  and F  denote the incremental diffracted field con-

tribution and the incremental PO edge-diffracted field, respec-

tively, which can be expressed as follows: 
 F 𝑄 = F 𝑄F 𝑄 = D ⋅ 𝐸 𝑄𝐸 𝑄 𝑒2𝜋𝑟  

= 𝐷 𝜙, 𝜙 00 𝐷 𝜙, 𝜙 ⋅ 𝐸 𝑄𝐸 𝑄 𝑒2𝜋𝑟 , 
(2.1)

 𝐷 𝜙, 𝜙 = 12𝑛 cot 𝜋 − Φ2𝑛 cot 𝜋 Φ2𝑛  −cot 𝜋 − Φ2𝑛 − cot 𝜋 Φ2𝑛 , (2.2)
 𝐷 𝜙, 𝜙 = 12𝑛 cot 𝜋 − Φ2𝑛 cot 𝜋 Φ2𝑛  cot 𝜋 − Φ2𝑛 cot 𝜋 Φ2𝑛 , (2.3)
 F 𝑄 = F , 𝑄F , 𝑄 = D ⋅ 𝐸 𝑄𝐸 𝑄 𝑒2𝜋𝑟  

= 𝐷 𝜙, 𝜙 𝐷 𝜙, 𝜙0 𝐷 𝜙, 𝜙 ⋅ 𝐸 𝑄𝐸 𝑄 𝑒2𝜋𝑟 , 
(3.1)

 𝐷 𝜙, 𝜙 = 12 −cot 𝜋 − Φ2 cot 𝜋 − Φ2 , (3.2)
 𝐷 𝜙, 𝜙 = 12 cot 𝜋 − Φ2 cot 𝜋 − Φ2 , (3.3)
 𝐷 𝜙, 𝜙 = −cos 𝛽, (3.4)
 

where D  and D  are the dyadic diffraction coefficient and 

the dyadic PO edge-diffraction coefficient, respectively, and Φ = 𝜙 𝜙 . 

When comparing Eqs. (2.2) and (2.3) with the UTD diffrac-

tion coefficients, it is evident that the UTD transition function 

becomes unity under the assumption of the extreme far zone 𝑘𝑟 sin 𝛽 → ∞ . Moreover, the equations do not contain the exp − jπ 4⁄ √2𝜋𝑘 and sin𝛽  multiplying factor, both of 

which appear in the UTD diffraction coefficient. As a result, 

they do not contain any 𝛽 and 𝛽  terms.  

In addition, Eqs. (2.2) and (2.3) exactly match the directivity 

functions 𝑓 and 𝑔, caused by the total surface current in the PTD. 

Similarly, Eqs. (3.2) and (3.3) also match the directivity functions 𝑓  and 𝑔 , caused by the uniform surface current in the PTD. 

Furthermore, although both F  and F  exhibit singularity 

at the incidence shadow boundary (ISB) and the reflection 

shadow boundary (RSB) corresponding to Φ = 𝜋  and Φ = 𝜋, respectively, the singularity of F  is canceled out by 

that of F , as a result of which F  becomes finite. 

Conceptually, F  refers to the diffracted field contribution 

caused by a PEC wedge with an extra angle of 𝑛π. Moreover, 

since F  is generated by the uniform surface current, it can be 

considered a part of the diffracted field contribution caused by an 

infinite PEC plate, which is identical to a wedge with an exterior 

angle of 1.0π (n = 1.0). In other words, F  can be obtained by 

substituting 1.0 for n in the ISB and the RSB of F . 

 

2. Heuristic ITD for Wedge with Impedance Surfaces 

The fringe field from a wedge with impedance surfaces can 

also be estimated by integrating the difference between the in-

cremental diffracted field contribution and the incremental PO 

edge-diffracted field contribution along the SBLs. 

Drawing on the relationship between the dyadic diffraction 

coefficient D  and the UTD diffraction coefficient for a 2D 

PEC wedge, the dyadic diffraction coefficient D  for the im-

pedance surface wedge can be inferred from the UTD diffrac-

tion coefficient [18, Eqs. 14–59] of a wedge with impedance 

surfaces, as follows: 
 D = 12𝑛 Ψ 𝜋 𝑛𝜋2 − 𝜙Ψ 𝑛𝜋2 − 𝜙 ⋅ sin 𝜙𝑛 sin 𝜃𝑛sin 𝜙 − 𝜋𝑛 sin 𝜃𝑛 ⋅ cot 𝜋 − Φ2𝑛Ψ −𝜋 𝑛𝜋2 − 𝜙Ψ 𝑛𝜋2 − 𝜙 ⋅ sin 𝜙𝑛 sin 𝜃𝑛sin 𝜙 𝜋𝑛 sin 𝜃𝑛 ⋅ cot 𝜋 Φ2𝑛  

Ψ 𝜋 𝑛𝜋2 − 𝜙Ψ 𝑛𝜋2 − 𝜙 ⋅ sin 𝜙𝑛 − sin 𝜃𝑛sin 𝜙 − 𝜋𝑛 sin 𝜃𝑛 ⋅ cot 𝜋 − Φ2𝑛  
Ψ −𝜋 𝑛𝜋2 − 𝜙Ψ 𝑛𝜋2 − 𝜙 ⋅ sin 𝜙𝑛 − sin 𝜃𝑛sin 𝜙 𝜋𝑛 sin 𝜃𝑛 ⋅ cot 𝜋 Φ2𝑛 ,

(4)
 

where Ψ z  is the auxiliary Maliuzhinets function, which ex-

plicitly depends on the integration variable z and implicitly de-

pends on the exterior angle nπ, polarization, and the Brewster 

angles of 𝑜- and n-faces (𝜃  and 𝜃 ). Specifically, since the 

Maliuzhinets function implicitly depends on the incident and 

scattered polarizations, Eq. (4) takes the form of a dyadic dif-

fraction coefficient. Furthermore, if the PEC surface conditions 

are substituted to Eq. (4), it becomes either Eq. (2.2) or (2.3), 

based on the polarizations of the incident and scattered fields. 

 
 

Fig. 1. Geometry of the wedge structure.
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Moreover, since Eq. (4) is inferred from the UTD diffraction 

from a 2D impedance wedge based on the relationship between 

the dyadic diffraction coefficient and the UTD diffraction for a 

PEC wedge, it does not contain any 𝛽 and 𝛽  terms. As a 

result, it is expected that the accuracy of the diffracted field will 

decrease as 𝛽  deviates from 90°. Notably, the attenuation and 

phase caused by the skew incidence are taken into account in 

Eqs. (2.1) and (3.1), and polarizations of the incident and dif-

fracted fields are also calculated by transforming the ray-fixed 

coordinate systems into edge-fixed ones using the dyadic dif-

fraction coefficient [14, 15]. 

Similar to the PEC wedge, the dyadic component of the in-

cremental PO edge-diffracted field generated by an impedance 

surface wedge can be obtained by substituting n = 1 in the ISB- 

and RSB-related terms of Eq. (4). Subsequently, D  can be 

expressed as: 
 D = 12 Ψ 𝜋 𝜋2 − 𝜙𝜋2 − 𝜙 ⋅ sin 𝜙 sin 𝜃sin 𝜙 − 𝜋 sin 𝜃 ⋅ cot 𝜋 − Φ2Ψ 𝜋 𝜋2 − 𝜙Ψ 𝜋2 − 𝜙 ⋅ sin 𝜙 sin 𝜃sin 𝜙 − 𝜋 sin 𝜃 ⋅ cot 𝜋 − Φ2 . 

(5)
 

Therefore, the fringe field of a wedge with impedance surfaces 

can be obtained by substituting Eqs. (4) and (5) into Eqs. (1), 

(2.1), and (3.1). In this context, it should be noted that the scat-

tered field from a wedge with impedance surfaces can be decom-

posed into reflected, diffracted, and surface wave fields, but the 

diffraction coefficient of Eq. (4) does not include surface waves. 

III. NUMERICAL RESULTS 

To validate the proposed heuristic ITD, two models were 

employed—a triangular impedance cylinder and a thin imped-

ance disk—with impedance surfaces of 𝑍  = 0.5, as shown in 

Fig. 2. Since a triangular cylinder possesses only nine edges and 

a symmetric structure, it was easy to verify whether the diffract-

ed and fringe fields from the edges had been properly calculated. 

Meanwhile, the disk model with curved half-planes is suitable 

for validating incremental theories such as ITD. The proposed 

formulation was applied to the two models and compared with 

those of the IBC MoM and VIRAF’s ITD solver. Notably, 

subtracting the PO field from the scattered field of the MoM 

yielded the fringe field that was used as a reference in this study. 

On considering a triangular cylinder with its impedance sur-

faces illuminated by a V-polarized plane wave from the 𝜃′ = 90° 

and 𝜙′ = 0° directions, estimations of the V-polarized electric 

fringe field with respect to 𝜃 = 90° and 𝜙 = 0°–360° were ac-

quired, as depicted in Fig. 3. 

Compared to the results of VIRAF’s ITD, those of the pro-

posed ITD were observed to be in relatively good agreement 

with the MoM−PO. The results of VIRAF’s ITD differed from 

those of the other methods in terms of the angles and the level 

of the peaks and nulls. Moreover, in the region of 𝜙 = 150°–

210°, which corresponds to the interior angle of the frontal 

wedge, VIRAF’s ITD exhibited strange results. From [17], it 

was confirmed that these errors appeared because the diffracted 

field contribution in the interior angles of the wedge had not 

been set to zero. Furthermore, the results of the ITD proposed 

in this study showed sharp changes at 𝜙 = 120° and 240°, cor-

responding to the RSB of the front wedge, and a difference of 

about 2 dB from the MoM−PO at the corresponding angles 

behind the triangular impedance cylinder. One of the reasons 

for these discrepancies is that, while the MoM accounted for 

the effect of surface waves, the proposed ITD did not take them 

into consideration. 

The scattered field, not including the surface wave fields, was ob-

tained by summing the fringe field in Fig. 3 and the IBC PO field. 

Fig. 4 plots the bistatic RCS of the scattered fields of the MoM 

and the ITDs. The results show that the proposed ITD is in good 

agreement with those of the MoM, while the results of VIRAF’s 

ITD solver are substantially different from the MoM results in the 

region of 𝜙 = -90° to 90°, where the level of the PO field is low. 

(a) (b)

Fig. 2. Geometry of the wedge structure. 
 

Fig. 3. VV-pol. bistatic RCS of the fringe field from a triangular imped-

ance cylinder illuminated by a planewave with 𝜃′= 90° and 𝜙′= 0°: 

MoM−PO (red line), the proposed ITD (blue line), and VI-

RAF’s ITD (green line). 
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Fig. 5 presents the VV-pol. bistatic fringe field from the im-

pedance surface of the triangular impedance cylinder with re-

spect to 𝜃 = 90° and 𝜙 = 0°-360° for an incident plane wave 

of 𝜃′ = 45° and 𝜙′ = 0°. Notably, since the observation points 

are located outside the diffraction cone, the fringe field in Fig. 5 

displays a lower level than that in Fig. 3. In addition, since both 

the side and top wedges contribute to the fringe field in Fig. 4, 

its pattern differs substantially from that in Fig. 3. Overall, 

while the results of the proposed ITD formula and MoM−PO 

maintained a relatively similar level, the results of the VIRAF 

ITD solver displayed patterns that were substantially different—

even unsymmetrical—from those of the MoM−PO. 

The fringe fields from the thin disk illuminated by a normally 

incident planewave are shown in Fig. 6. It is evident that, in the 

case of most observation angles, the proposed ITD formula 

maintains a similar pattern and level as the MoM−PO. This 

indicates that the proposed formula renders an accurate fringe 

field for a curved half-plane, which is a non-canonical wedge. 

However, there are spiky patterns at 𝜙 = 90° and 270°, parallel 

to the disk plane, as well as some discrepancies between the re-

sults of the proposed ITD and the MoM−PO at 𝜙 = 0° and 

180°, which correspond to the front and back directions, respec-

tively. Furthermore, when the observation point is located in 

front of the disk, the error in the fringe field does not have a 

significant effect on the total scattered field due to the strong 

reflected field. 

Similar to the triangular impedance cylinder model, the scat-

tered field generated by the disk model was obtained by sum-

ming the fringe field and the PO field, after which it was plot-

ted along with the scattered field of the MoM, as shown in Fig. 

7. It is observed that the proposed ITD solution maintains a 

very close agreement with the bistatic RCS of the MoM. 

 
 

Fig. 5. VV-pol. bistatic RCS of the fringe field from a triangular im-

pedance cylinder illuminated by a planewave with 𝜃′= 45° and 𝜙′= 0°: MoM-PO (red line), ITD (blue line), and ITD-

VIRAF (green line). 

 

 

 

Fig. 6. VV-pol. bistatic RCS of the fringe field from a disk illuminated 

by a planewave with 𝜃′= 90° and 𝜙′= 0°: MoM-PO (red line) 

and the proposed ITD (blue line). 

 

 

 

Fig. 7. VV-pol. bistatic RCS of the scattered field from a disk illumi-

nated by a planewave with 𝜃′= 90° and 𝜙′= 0°: MoM (red line) 

and the proposed ITD (blue line). 

 
 

 

Fig. 4. VV-pol. bistatic RCS of the scattered field from a triangular 

impedance cylinder illuminated by a planewave with 𝜃′= 90° 

and 𝜙′= 0°: MoM (red line), the proposed ITD (blue line), 

and ITD-VIRAF (green line). 
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IV. CONCLUSION 

This study introduced a novel heuristic ITD formula to esti-

mate the fringe field generated by an impedance surface wedge 

with an arbitrary exterior angle. Notably, the original ITD for-

mula for a PEC wedge was derived from the Fourier transform 

pair relationship between the solution for the canonical wedge 

problem and the incremental field contribution. However, this 

study drew on the relationship between the ITD and the UTD 

pertaining to a PEC wedge to simply derive the heuristic ITD 

from the UTD diffraction coefficient of a wedge with impedance 

surfaces. In other words, this study expanded the normal inci-

dence of the impedance wedge to achieve oblique incidence in 

the same way as the normal incidence of a PEC wedge can be 

extended to attain oblique incidence. In particular, the incremen-

tal PO edge-diffracted field was conceptually derived from the 

ISB- and RSB-related terms of the incremental diffracted field. 

Furthermore, this study presented the numerical obtained on 

implementing the proposed ITD formula on a triangular imped-

ance cylinder and a circular disk, and compared them with those 

of an MoM and VIRAF’s ITD solver. Although the results of 

the proposed ITD did not completely match those of the MoM, 

since it did not account for the effects of surface fields, it provid-

ed more accurate results than VIRAF’s ITD solver. 

Future research must focus on introducing further improve-

ments to the ITD formula by accurately calculating the incremen-

tal PO edge-diffracted field and accounting for the surface waves. 
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